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On Quantum-MV Algebras - Part I: 
The Orthomodular Algebras 
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Abstract 


We prove that almost all the properties of quantum-MV algebras 
are verified by orthomodular algebras, the new algebras introduced in 
a previous paper. We put a special insight on transitive antisymmetric 
orthomodular (taOM) algebras, generalizations of MV algebras. We 
make the connection with IMTL and NM algebras. 
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1 Introduction 


The algebraists work usually with the commutative additive groups and 
with the positive (right) cone of a partially ordered commutative group 
(G,<,+,—,0), where there are essentially a sum © = + and an element 0. 
Sometimes, the negative (left) cone is needed also, where there are essentially 
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a product © = + and an element 1 = 0. They work with algebras that 
have associated an (pre-order) order relation, which usually does not appear 
explicitely in the definitions. The presence of the (pre-order) order relation 
implies the presence of the (generalized) duality principle. Thus, each algebra 
has a dual one, the (pre-order) order relation has a dual one. We have given 
names to the dual algebras [17, 20, 22]: “left” algebra and “right” algebra, 
names connected with the left-continuity of a t-norm and with the right- 
continuity of a t-conorm, respectively. Hence, the algebraists usually work 
with the commutative right-unital magmas. 

By contrary, the logicians work with the logic of truth, where the truth 
is represented by 1, and there is essentially one implication; we could name 
this logic “left-logic”. One can imagine also a “right-logic”, as a logic of false, 
where the false is represented by 0 and there is a “right-implication”. Hence, 
the logicians usually work with the commutative left-algebras of logic. 

In this paper, regarding from (algebras of) logic side, we shall work with 
left-algebras (left-unital magmas), in principal, therefore, the unital magmas 
will be defined multiplicatively, in principal. 

Thus, the commutative algebraic structures connected directly or indi- 
rectly with classical/ nonclassical logics belong to two parallel “worlds”: 


1. the “world” of (left) algebras of logic, where there are essentially one 
implication, — (two, in the non-commutative case), and an element 1 
(that can be the last element); the algebras (A,—,1), verifying the 
basic property (M): 1 — « =a, are called M algebras [20, 21, 22]; an 


internal binary relation can be defined by: x < y pal roy=l(< 
can be a pre-order, an order, or even a lattice order); algebras belonging 
to this “world” are [18, 19, 20, 21, 22]: the bounded MEL, BE and aBE, 
pre-BCK algebras, BCK algebras, bounded BCK algebras, BCK(P) 
algebras, Hilbert algebras, Wajsberg algebras, implicative-Boolean 
algebras, etc. A “Big map” (hierarchy of algebras of logic) is presented 
n ({22], Figure 1). 


2. the “world” of (left) algebras, where there are essentially a product, ©, 
and an element 1 (that can be the last element); the algebras (A, ©, 1), 
verifying the corresponding basic properties (PU): 1 © a = x and 
(Pcomm): © y = y©@, are called commutative unital magmas; an 
internal binary relation can be defined, if an additional negation, ~, 
exists and 0 pa 1, by: 2 hay SS cog =0 (—, cm be a 
pre-order, an order, or even a lattice order), where ‘m’ comes from 


On Quantum-MV Algebras - Part I: The Orthomodular Algebras 165 


‘magma’; algebras belonging to this “world” are [20, 22]: the m-MEL, 
m-BE and m-aBE, m-pre-BCK algebras, m-BCK algebras, pocrims, 
(bounded) lattices, residuated lattices, BL algebras, MTL algebras, 
NM algebras, MV algebras, Boolean algebras, etc. A corresponding 
“Big map” (hierarchy of algebras) is presented in ([22], Figure 10). 


Between the two parallel “ worlds” there are some connections, as for 
examples: the equivalence between BCK(P) algebras and pocrims, in the 
non-involutive case, and the definitional equivalence between Wajsberg 
algebras and MV algebras, in the involutive case ((x~)~ = 2). 


Beside the classical and non-classical logics, there exist the quantum 
logics. Examples of algebraic structures connected with quantum logics (= 
quantum structures/ algebras) are: the bounded implicative (implication) 
lattices, the De Morgan algebras, the ortholattices, the orthomodular lattices, 
the quantum-MV algebras, etc. 

Quantum-MV algebras (or QMV algebras) were introduced by Roberto 
Giuntini in [10] (see also [12, 9, 11, 13, 15, 14, 16, 5]), as non-lattice theoretic 
generalizations of MV algebras [2, 4] and as non-idempotent generalizations 
of orthomodular lattices [31, 28]. 


The connections between algebras of logic/ algebras and quantum 
algebras were not very clear. But, in papers [22, 25, 27], we established 
important connections, by redefining equivalently the bounded involutive 
lattices and the De Morgan algebras [3] as involutive m-MEL algebras, 
the ortholattices [3], the MV, the Boolean algebras and the quantum-MV 
algebras as involutive m-BE algebras, verifying some properties, and then 
putting all of them on the involutive “Big map”; thus, we have proved that 
the quantum algebras belong, in fact, to the “world” of algebras (involutive 
commutative unital magmas). 

In this paper, we continue the research from [25, 26, 27] based on [22], 
in the “world” of involutive algebras of the form (A,©,~,1), with 1~ = 0, 1 
being the last element: we analyse in some details the orthomodular (OM) 
algebras defined in [27], with a special insight on taOM algebras. 

The paper is organized as follows. In Section 2 (Preliminaries), we 
recall from [22, 25, 27] the necessary definitions and results which make 
this paper selfcontained as much as possible. In Section 3 (Orthomodular 
algebras), we prove that almost all the properties of QMV algebras are 
also verified by orthomodular (OM) algebras; we put OM algebras on the 
“map”. In Section 4 (A new algebra: the trans algebra (TRANS)), 
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we mainly prove that any m-BCK algebra verifies the property (trans) 
(the binary relation < is transitive) and we introduce and analyse the so 
called trans algebras. In Section 5 (The taOM algebras inside the m- 
BCK algebras), we prove the definitional equivalence between involutive 
residuated lattices and m-BCK lattices, thus putting IMTL, NM, MV and 
(wnm)MV algebras on the same “map”. Concerning the taOM algebras, all 
the finite examples we found are m-BCK lattices and the open problem is 
if any taOM algebra is an m-BCK lattice. In Section 6 (Examples), we 
present 18 examples of the involved algebras. 

This paper, like [22, 25, 26, 27], presents the facts in the same unifying 
way, which consists in fixing unique names for the defining properties, making 
lists of these properties and then using them for defining the different algebras 
and for obtaining results. 


2 Preliminaries 


2.1 The “Big map” of Algebras 


Recall from [22] the following: 


het A? = (46,- = nae 1) be an algebra of type (2, 1,0) and define 


0 y= Define an internal binary relation <,, on A” by: for all x,y € AY, 


(m-dfrelP) w<my £4 xo y =), 


Consider the following list m-A of basic properties that can be satisfied 
by A® [22]: 
(PU) 1©x2=x2=201 (unit element of product, the identity), 
(Pcomm) xcOy=yOu (commutativity of product), 
(Pass) LO (y© z) =(«# Oy) © z (associativity of product); 
(Negl-0) 1- =0, 
(Neg0-1) O07 =1,; 
(m-An) (tO©y =OandyOu =0) = x= y (antisymmetry), 
(m-B) [(tOy) O(@Oz)]O(Oz) =), 
(m-BB) [(z©z)-O(yOr)]O(YOr) =), 
(m-*)  sOy =0=> (z0y )O(zOn) =), 
(m-**)  rOy =0=> (tOz)O(yOz) =), 
(m-L) 2©0=0 (last element), 
(m-Re) x@©a2” = 0 (reflexivity), 
(m-Tr) (tOy =OandyOz =0)=202z =0 (transitivity), 
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Dually, let A® = (A®,6,~ = = 0) be an algebra of type (2, 1,0) and define 


1 0-. Define an internal binary relation >,, on A® by: for all x,y € A®, 


(m-dfrelS) 2 >m y £4 ag y  =1, 
The list of dual properties is omitted. 

Recall from [22] the definitions of the algebras needed in this paper (the 
dual ones are omitted): 

Let A’ = (A4,©,~,1) be an algebra of type (2, 1,0) through this paper. 
Define 0“ 1- (hence (Neg1-0) holds) and suppose that 0~ = 1 (hence 
(Neg0-1) holds too). We say that A” is a [22]: 


e left-m-MEL algebra, if (PU), (Pcomm), (Pass), (m-L) hold; 
e left-m-BE algebra, if (PU), (Pcomm), (Pass), (m-L), (m-Re) hold; 


e left-m-pre-BCK algebra, if (PU), (Pcomm), (Pass), (m-L), (m-Re) and 
(m-BB) hold; 


e left-m-BCK algebra, if (PU), (Pcomm), (Pass), (m-L), (m-Re), (m-An) 
and (m-BB) hold. 


Denote by m-MEL, m-BE, m-pre-BCK, m-BCK these classes of left- 
algebras, respectively. 

In ([22], Figure 10), the “Big map”, connecting the commutative unital 
magmas, including these algebras, was drawn. 

We say that A” is [22] reflexive, if <,) is reflexive (i.e. (m-Re) holds); 
transitive, if <m is transitive (i.e. (m-Tr) holds); antisymmetric, if <m is 
antisymmetric (i.e. (m-An) holds). If X is a class of algebras, we shall 
denote by tX (aX, atX=taX) the subclass of all transitive (antisymmetric, 
transitive and antisymmetric, respectively) algebras of X. 

We say that an algebra is involutive, if it verifies (DN) (Double Negation) 
((c@~)” =a or x = 2). If X is a class of algebras, we shall denote by X(py) 
the subclass of all involutive algebras of X. By ([22], Theorem 6.12), in any 
involutive m-BE algebra we have the equivalences: (m-BB) = (m-B) = 
(m-**) <= (m-*) & (m-Tr). 

Note that: m-pre-BCK (py) = pre-m-BCK (py) (= m-tBE(py)). 

Any left-m-BCK algebra is involutive, by ([22], Theorem 6.13). We 
write: m-BCK= m-BCK(py) (= m-taBE,pw)). Note that an (involutive) 
m-BCK algebra satisfies all the properties in the list m-A of properties and, 
additionally, (DN) and other properties. 
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Note that the binary relation <,, is only reflexive in m-BE,py), it is 
a pre-order in m-pre-BCK (py) and it is an order in m-BCK. 
2.1.1 Involutive m-MEL Algebras 


Let A’ = (A”,©,~,1) be an involutive left-m-MEL algebra. Because of the 
axiom (DN), we have introduced in [25] the new operation sum, , the dual 
of product, ©, by: for all z,y € A”, 


roy! (@ oy). (1) 


Then, (A’,@,~,0) is an involutive right-m-MEL algebra. 


Proposition 2.1 (See (/5/, Proposition 2.1.2), in dual case, [12/) 
Let AY = (A",©,~,1) be an involutive left-m-MEL algebra. We have: 


0@z2=2=200, ie. (SU) holds, (2) 
xrey=yOn2, te. (Scomm) holds, (3) 
rO(y@z)=(«{Gy) Gz, te. (Sass) holds, (4) 
t@l=1, i. (m—L*®) holds; (5) 
(cGy) =z Oy (De Morgan law 1), (6) 
(cOy) =x ®y (De Morgan law 2), and hence (7) 
cOy=(% Oy). (8) 


Beside the old, natural binary relation <,,, and its dual >,,, we have intro- 
duced in [25] a new binary relation: 


(m-dfP) « <P y LF, ©y = and, dually, 
(m-df8) « >%, y £4 coyee. 


By ((25], Proposition 3.11), </ is antisymmetric and transitive and 0 <? 


def. 
a <P 1, for any x, where 0 a de 


With the notations from this subsection, the definition of MV algebras 
becomes [22]: 


L 


Definition 2.2 (i) A left-MV algebra is an algebra A'=(A",©,~ =~ 41) 
of type (2,1,0) verifying (PU), (Pcomm), (Pass), (m-L), (DN) and: 


(Am-comm) (1 ©y)> ©y=(y° Oz) Oz. 
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(i’) Dually, a right-MV algebra is an algebra A® = (A®,@,~ =~" ,0) of 
type (2,1,0) verifying (SU), (Scomm), (Sass), (m-L”), (DN) and: 
(Vm-comm) («” @y) @y=(y Gz) Gz. 


We recall the following important remark, which was the motivation of 
paper [22]: 


(i) The left-MV algebra is just the involutive left-m-MEL algebra verifying 
(Am-comm). 


(i’) Dually, the right-MV algebra is just the involutive right-m-MEL algebra 
verifying (Vm-comm). 


Denote by MV the class of all left-MV algebras and by MV® the class of 
all right-MV algebras. 


2.1.2 Involutive m-BE Algebras 


Let A’ = (A”,©,~,1) be an involutive left-m-BE algebra. Then, (A”, 6, ~,0) 
is an involutive right-m-BE algebra. 


Remark 2.3 (see ([22], Theorem 6.21 )) (The dual one is omitted) 

Since (Aj-comm) implies (m-Re), by ([22], (mB1)), it follows that 
any left-MV algebra is in fact an involutive left-m-BE algebra 
verifying (Am-comm). And since (A,;,-comm) implies also (m-An) and 
(m-BB) (© ... = (m-Tr)), by ([22], (mB2), (mCBN1)), respectively, it 
follows that any left-MV algebra is in fact a left-m-BCK algebra, i.e. 
we have: 


MV c m-BCK =m~- BCKipn) (=m - taBEpn)). 


In ((22], Figure 8), the connections between m-BE algebras, m-BCK 
algebras, MV algebras, ortholattices and Boolean algebras were established, 
thus putting MV algebras, ortholattices and Boolean algebras on the “map” 
(the right side of the involutive “Big map”). 


2.2 The Redefined QMV Algebras 


We have introduced in [27], in an involutive left-m-MEL algebra A’ = 
(A¥,©,~,1), the following new operations: 


def. _ ws 
AM y (a Oy) ey 


(Peomm) 


yO(yOu ) and, dually, (9) 
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def. _ ake eee. ae eae = 
avy @ AM yy) =[coyyOoyl=(@Ox)ey (QO) 
=(2- Oy) Sy=yO(yor)- 
and 
ary a (y ©2) Ox ee 2©(cOy )- = yr g and, dually, (11) 


cVBy "(a By) =(yOr) Or) =YOr)ez Gy 
=(y @2)- @x=2O(rOy-) =yvn z. 


In what follows, we shall present only the properties of A and v™. 
Proposition 2.4 (See /5/, Proposition 2.1.2, in dual case) 


([27], Proposition 3.2) 
Let AY = (A",©,~,1) be an involutive left-m-MEL algebra. We have: 


piMig=ga=1A' se, 2A40=0, (13) 
aV@Mo=c¢=0WM 2, ev! 1=1, (14) 

(a Vv! y)- =a7 AM y- (De Morgan law 1), (15) 
(cM iy) =a7 VM y~ (De Morgan law 2), and hence (16) 
thm Y= (Vn Yo) (17) 


Proposition 2.5 (See (/5/, Proposition 2.1.2), in dual case) 
([27], Proposition 3.8) 
Let AY = (A",©,~,1) be an involutive left-m-BE algebra. We have: 


if xOy=l, then x=y=1; (18) 
if oAMy=1, then x=y=1, (19) 
OAM « =0, (20) 
12S (21) 
ahMe=az, «VM o=z, (22) 

if 2 <@ y, then yA“@a=a,; (23) 
if «2 << y, then x <m y. (24) 
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Proposition 2.6 (/27/, Proposition 3.4) 


Let A’ = (A",©,~,1) be an involutive left-m-BE algebra. We have: 
tex =1, ie. (m—Re®) holds; (25) 
ZO (WAM az) =0, (26) 
cole A, y) =, (27) 
(yv! 2) AM oc =a, (28) 
(yAM cz) VM c =a, (29) 
if « <M y, then evVMy=y, (30) 
aVMy=y = cOy =0 (<> r<my), (31) 
(cx Oy) VM ¢ =a, (32) 
tA“ (gOy)=2£Oy, (33) 
m (Y¥ANm 2) =Y Amn 2. (34) 


Beside the old, natural binary relation <,, and its dual >,,, we have intro- 
duced in [27] two new binary relations: for all 2, y € A”, 
(m-dfWM) x <“ y os AM y =z and, dually, 
(m-dfVM) « > y £48 evM y =z, 
and 
(m-dfWB) «x <8 y Ek y AB y= 2 (<=> y AV & = 2) and, dually, 
(m-dfVB) «2 >2 y £4 a vB yaa (Sy a =2). 
Proposition 2.7 (/27/, Proposition 3.6) 
Let A® = (A",©,~,1) be an involutive left-m-BE algebra. We have: 


(1) &<my <> 2 <P y and, dually 
ty a Pp. 


(2) If a ony) holds (i.e. cA\My = yA“ x), then a <my (<> x <2 y) 
— x <7 y. 


(2’) If (Am-comm) holds, then (Vm-comm) holds (i.e. x VM y =yV™ x) 
andz>my(— 222 y) a> y. 
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Remark 2.8 ({27], Remark 3.7) 

The equivalence <,, <=> — implies that <,, is an order relation if 
and only if <8 is an order relation. But, it does not imply that if <,, is a 
lattice order, then <? is a lattice order too with respect to A2, VB - see the 
examples in the last section. 


Proposition 2.9 (/27/, Proposition 3.8) 
Let AY = (A",©,~,1) be an involutive left-m-BE algebra. Then, 
(¢ <B ye) aK<mySylmst (Sy DB 2). 


Corollary 2.10 (See /5/, Corollary 2.1.3) (See [27], Corollary 3.9) 
Let A = (A¥,©,~,1) be an involutive left-m-BE algebra. Then, the 
binary relation <™ is reflexive and antisymmetric andQ <“ a2 <™ 1, 


for all z € A”, where 0 a 
Definitions 2.11 R. Giuntini ([27], Definitions 3.10) 


(i) A left-quantum-MV algebra, or a left-QMV algebra for short, is an 
involutive left-m-BE algebra A’ = (A’,©,~ = ~4,1) verifying the 
following axiom: for all 2, y,z € AY, 


(Pamv) 20 [(27 Vin ¥) Vm (2 Vm &)] = (@OY) Vm (2 © 2). 


(i?) A right-quantum-MV algebra, or a right-QMV algebra for short, is an 
involutive right-m-BE algebra (= S algebra) A® = (A®,@,~ = ~*,0) 
verifying the following dual axiom: for all z,y,z € A®, 


(Sqmv) «6 [(@7 AN y) Am (2 Am 27)] = (@ ®y) Am (2 @ 2). 


We shall denote by QMV the class of all left-QMV algebras and by QMV*” 
the class of all right-QMV algebras. 


Corollary 2.12 ((27], Corollary 3.12) 
Let A’ = (A4¥,6,~,1) be a left-QMV algebra. Then, (A”,,~,0) isa 
right-QMV algebra. 


Consider the properties: 
(Pom) (t#Oy)@((xO©y) ©x2z) == or, equivalently, 
zVM (2 © y) = 2 and, dually, 
(Som) («@y)©((x@y) @2z) == or, equivalently, 
aAm (4 @y) =a; 
(Pmv) x@(27 Vv“ y)=20y and, dually, 
(Smv) «£O(@7 Any) =2 Oy; 
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(Am) («AM y) © (yA“ z)- =0 and, dually, 
(Vm) (@Vm y) ® (y Vin 2)” = 1. 


Theorem 2.13 (/27/) 
Let AY = (A",©,~,1) be an involutive left-m-BE algebra. Then, 


We have introduced in [27] the following definitions: 


Definitions 2.14 (The dual ones are omitted) 
An involutive left-m-BE algebra A’ = (A’,©,~,1) is: 


e a left-orthomodular algebra, or a left-OM algebra for short, if it verifies 
(Pom), 


e a left-pre-MV algebra, or a left-PreMV algebra for short, if it verifies 
(Pmv), 


e a left-metha-MV algebra, or a left-MMV algebra for short, if it verifies 
(Am). 


We have denoted by OM, PreMV, MMV the classes of the corresponding 
left-algebras. 
The connections between all these algebras were established in [27] - 
see the Figures 1 and 2. 
m-BE py) 


m-pre-BCK (py) 


(Am) 
P 
een (Pqmv) (Pom) 
tMMV | tPreMV tQMV tOM 
MMV | PreMV QMV OM 


Figure 1: Resuming connections between OM, PreMV, MMV, QMV and (m-Tr) 
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m-BCK (Am-comm) (Hom) 


Mv taOM | aOM 


Figure 2: Resuming connections between MV, taOM and aOM, where ? means 
that there is an open problem concerning aOM 


We have ((27], Corollary 4.10, Remark 4.11): aPreMV = aMMV = 
aQMV = taQMV = MV. Note that taOM algebras are proper generaliza- 
tions of MV algebras inside the class of m-BCK algebras. 


Remark 2.15 (see [27]) In a left-MV algebra A” = (A”,©,~, 1): 


the initial binary relation, <,, («@ <my <=> x@©y =O), is an order 
relation, since (m-Re), (m-An) and (m-Tr) hold; 


the binary relation <“ (2 <M y == 2A" y =22) is an order 
relation; 


e both <,, and mei are distributive lattice order relations and they are 
equivalent: <, (<= <8) =» <™, by Proposition 2.7; 


the binary relation <*> (x4 <P? y == 20y = 22) is only anti- 
symmetric and transitive, by ([25], Proposition 3.11); in Boolean 
algebras, it is a distributive lattice order and <P —><,,+><. 


3 Orthomodular Algebras 


3.1 Properties of OM Algebras 


We shall see that almost all the properties verified by a QMV algebra are 
also verified by an OM algebra. 


Proposition 3.1 (See [27], Proposition 3.15 for QMV algebras) 
Let A = (A",©,~,1) be a left-OM algebra. We have: 


t@(yVv!a-)=20y, (35) 
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toy <a, ie. (cOy AM c=cOy, 
a<“ coy, ie. tA“ (2 Oy) =2, 
PN ee es (OA VN PSO, Gy, 
yf ONE y, te AE ENE y= y, 
BV Ny 2) =a 


em YS UVE THY, 

a <M yy <M a (order — reversibility of ~), 
x ay YS LDz a7 y®z (monotonicity of &), 
a <M y= xz <M yOxz (monotonicity of ©), 

(Am ¥) Min 2 = (€ An ¥) Am (Y Am 2): 


Gavia Vy c= OV a VEG, @: 


a) rO@l(yOur) Oa 
2 @ e[(yo2)- oa) 
2") (((@ Oy) @ ((w@Oy) O2)|" @ [(@Oy)- Oa) 
2 (oy) 0 (@Oy)- ©2)-]@ ((2Oy)- On) 
(put X = (x@y) and Y =z) 
= (X OY) @[(X OY) © X])— 
V2) x- = ((eoy)-) “S20. 
(36) LOY 
‘2 2owviar) 
») r@©l(yOr) Oz | 
(Perm) sy ol(eoy) 27] 
2 20 ((eoy)- O2)- 
wean) ((2oy) Ox) O2 
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8 
~ 
a 
oS 


te Oye 
(x- O(a Oy )-) O(a Oy 


— 
Ke) 
Sa 


= 
a 
Se, 


(x rie Oy) ) ele Oy 


G 
Qo 
ic} 
S 
8 
is} 
2 
= 


5 
ic} 
= 


( 

(2 Oy )e((@ Oy) 
(ay “oy, hence « < psa 
(38) Am Y 


9 
2 (ey) oy 
(Pcomm) 


=" y@(x Oy) <M y, by (36). 
(39) rVMy 


10 
® G@oy)ey 


S y@(x{Oy-) > y, by (37). 
(40) «vi (yAM x) 
(10) 


= 


tO (yA 2)-) ® (YAR 2) 


aay 
lS 
2 


(x © (y7 VM &~)) ® (YAR 2) 

2 @oy)e yA" 2) 

2 (wey) Oy a)-)- 

2 [(@oy)- oy 2) O2)] 
Pemm)  [(@ (y- ©2)-)- © (y" O2)"] 
MOY te AM (y- Oa] 

Qe aM (yea) 

Sem) te AM (a @y)|- @ (@-)- = 2 


(41) Sincea <¥ yoo rd” y=2, it follows that 
(40) 
YVmn T=YVn (@AmyY) = Y: 


(42) Ifa <M y, then y VV x = y, by (41); then, 


= (15) : - 
y = (yV™M x) = y AM g-, ie. y a 
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(43) Ifa <™ y, then y=yV™ a, by (41). Then, 
(x @ z) AY (y@z) 


= (@@z) AM (y VM 2) @2) 

eal (2 @ z) AM (((yOa-) @2) @2) 
ess (2 @ z) AM ((y@ a7) @ (4 2) 
ee (2 @ z) AM (x © z) @ (yOr7)) 

= LBZ 


(44) Ifa <M y, then y~ <™ a, by (42); it follows, by (43), that: 
wo PLM yer <M ez VL" woz); 
hence, x@z <™ yO z, by (42) again. 


(45) («Am ¥) Am (y Am 2) 
9 


= (x AM y)— © (YAM 27 © (y AM 2) 
~ (2 AM y) @ (y AM z)-] © (y AM 2) 
O20) [@ at y) © (y> VE 27)] © ((y" © 2)- ©2) 
(2M y)@ ((y- Oz) @z-)]O(y- Oz)" Oz 
s (aM ye ((y Oz) Oz )]O(yexz) Oz 
Gass) QPes9) Te aM y)@2- @(y@z-) 10 (Yer)]Oz 
~ (aM y)@2-)- O(y@z)} © (y@z)) Oz 


((@ Am Y¥) BZ) AM (y@2z7)) Oz 
(2 My) @2z-) Oz 


(2 AM y)- a Oz 


Is IE II 


sincex AM y <™ y, a ae cies (2nnMyez <“ yer, 
by (43), ie. (@AM y) O27) Am (Y@27) = (LAMY) Oz. 


(46) (2 VY y) VM (y vie z) 

Vm ¥) © (y VM z)-]@ (y VIF z) 

Vn ¥) (yr AM 27) @ (y VM 2) 

tVM yO ((yOz) Oz) @ (y VM z) 
(cViYy)O2z-)O(YOz-) ]@((yOz) @z) 


[(x 

[(@ 

(9), (DN) ( 
(10),(Pcomm),(Pass) 

= [( 
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G2) ((ev¥ yor)oyory]eyor)) ez 
2 (ev ox) wor)ex 

= lav y)Oz] Oz 

(10) (x vit yy wit 2, 


since y <@ xv™ y, by (39), implies yO z7 <!@ (av! y) Oz, by 
(44), and hence ((2 VV y) © z~) VM (yO 27) = (x VM y) © z7, by (41). 


Consider the following properties (see [27], Proposition 3.13): 
(Pq) x © [yV¥ (z VM 2-)| = (x © y) VM (@ © z) and 
(Pag) tO fy Vin (@O 2)"] = @OY) Vin (CO (O2)). 


Lemma 3.2 Let AY = (A”,©,~,1) be an involutive left-m-BE algebra. Then, 
C= (35) and (Pqq) => (35). 


Proof: Take z = 0 in (Pq) to obtain (35). 
Take z = 1 in (Pqq) to obtain (35). 


Theorem 3.3 Let AY = (A’,©,~,1) be an involutive left-m-BE algebra. 
Then, 
(Pq) <> (Paq). 


Proof: First, we prove: 


zVM g- = (£ © ( © z)-) (a) 
Indeed, z VM 2 = (z@ 27) @O2- 2? (z@nx) On” =((2O2z) Oa7)- 
=((¢02) o2) 2” fo ory. 


(Pq) => (Paq) (Oy) VM (@O (x&Oz)-) 


Ee os © ly VM (Z VM «-)], where Z := (x © z)~, 
@  rolyv! (co (@0Z)-)7] 

= £0 yi (a OQ(t#©(oz)-)) | 

@ 26 [yv™ (20 (2 VM #7))-] 

en) «© [yVM (2 © z)7]. 
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(Pqq) => (Pq) cOly VE (z vi 27 )| 


2 20lyv! @o(eo2)-)"] 


=" (r@y) VM (20 (© Z)-), where Z := (4 ©z)-, 
2 (oy) VM (2 (e 0 (e2)-)-) 

2 @woy) VE (eo (zV¥ 2) 

©  (@oy) VM (co 2). 


By Theorem 3.3 and since (Pom) <= (Pq) ({27], Theorem 3.26), we obtain: 


Corollary 3.4 Let AY = (A",©,~,1) be an involutive left-m-BE algebra. 
Then, 
(Pom) <=> (Pq). <> (Pag). 


Proposition 3.5 (See /27/, Proposition 3.18 for QMV algebras) 


Let AY = (A",©,~,1) be a left-OM algebra. We have: 
evVMy <M coy, (47) 
z@y <M army, (48) 
Proof: 


(47) Sincer Oy~ <™ ag, by (36), then rVM y= (xOy-)Oy <” roy, 
by (43). 

(48) Since a ©y <M a7, by (36), then x <M! (x7~ Oy), by (42) and 
(DN); hence, Oy <m (e7 Oy)” Oy=aAq Y, by (44). 


Proposition 3.6 (See [27], Proposition 3.19 for QMV algebras) 


Let AY = (A",©,~,1) be a left-OM algebra. We have: 

a AM (a @y) AM z)=2 A“ z (absorption law 1), (49) 

aV™ (2 oy) VM z) =aVv™é z (absorption law 2), (50) 

a ey <M 2, tO z=yez—2=y (cancellation law 1), (51) 
z <!@a, 2 <M y, cOz=yOz—>2x=y (cancellation law 2), (52) 
a <M oy = art <™ ya“! (monotonicity of A“), (53) 

a <M oy sav! <™ yv! 2 (monotonicity of VM), (54) 

a <M yy <<“ gases <” « (transitivityof <”). (55) 
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Proof: The same as for QMV algebras, namely: 


(49) An ((e®y) Am 2) 


rt © Cie m 2)) © ((e®y) Am 2) 


— 
ee 
VY 


( 
( 


LO) (we ((cey) A M20 (wey) ©z)" ©2) 
O20 (a @ ((e @y)- VM 27) 0 (((w@@y) ® 27) O2) 
© (@wa((e@ fe ee ee 
S89) (2 @ 2-) @ (@ @y @2-)-) © ((@ Gy O2z-) Oz) 
2 (x@z-) O(«Gy@z)) O(e<GyOz )Oz 


v 
S 
& 
wD 
Qe 


(tz) O(@GyGz2)) O(f@GyGz )lOz 
t@oz-)AM (tx@y@z-))Oz 


= 
Ke) 
~ 


LO ON Onn mn nm 


= Lez )Oz 
a L Oz) Oz 
a pits, 


sincex Oz <M x@z @y, by (37), implies 
(x@z-)A~ (a@ G27 Sy) =2x#Oz. 


mk 
(50) «Vm ((@Oy)V 


m 2) 
((COY) Vm 2)" ) ® ((@OY) Vn 2) 


aD: Yee 
eo (Oy) AM 27) @ (Oy) O27) B2) 
bs (z © (xO y)©z-) ©z-)) @ ((OYOz) Oz) 
V2) ((e@z-) 0 (COyOr)-) @ ((WOYOz) 2) 
CE) [((@O2-)O (@OyOz)-)@(tOyOr)]O2 
2 [wor nian \] Bz 

(41) 

= (r02z)® 

(10) Vee, 


since tO yO@2z <M! 2Oz_~, by (36), implies 
(x © z-) VM (2@ Oy@z7) = 2027, by (41). 
(51) 2 <M! 2 andy <@ z mean x AM z~ = 2 and y AM z~ = y. Then, 


g=axAMyz ORE Oz) Oz Genes = Genes 


VY 
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©z-)7 oz GyrMs zZ =y. 


® fy 
(52) 2— <!@ ¢ and 2 <™ y imply eV™ z- = 2 and yV¥ 27 = y, by (41). 
Then, « = 2v! z- ae) (xOz)@z” = (yOz)Oz— ea yvM 2 = y. 
(53) « < y implies r@z~ <” y@z-, by (43), and hence (rx @z~)Oz <™ 
(y@z-) Oz, by (44). Then, cA z ® (2-©z)- Oz = («@z-)Oz <¥ 
(yoo ore (y- ©z) Oz=yAM 2 
(54) 2 <™ y implies © z~ <@ y@© 27, by (44), hence (x@ z7)@z <™ 


(y©z_) @z, by (48). Then, ov 2 (rOz)Oz<™ (yOu) Oz 


10 
ey y vu z 


(55) 2 <™@ y and y <M z mean ¢ = 2 AM y and y = y AM z. Then, 


e=eh\iy= GAM YAY GA “2 2) AM y) AM 2 =a AM z: thus, 
gai 2 


Corollary 3.7 Let AY = (A",©,~,1) be a left-OM algebra. The binary 


relation <7 is an order relation. 


Proof: The reflexivity and the antisymmetry follow by Corollary 2.10, 
while the transitivity follows by (55). 


Proposition 3.8 Let A’ = (A",©,~,1) be a left-QMV algebra. Then, A’ 
is a left-OM algebra. 


Proof: By Theorem 2.13 (1). 


Proposition 3.9 Let AY = (A“,0,~,1) be a left-MV algebra. Then, Al 
is a left-OM algebra, i.e. MV Cc OM. 


Proof: By ({27], Theorem 4.20). 
Remark 3.10 In a left-OM algebra A’ = (A”,0,~, 1): 


e the initial binary relation, <,, (x& <m y — = rOy = 0), is only 
reflexive ((m-Re) holds); 


e the binary relation <M (2 <”“ yasoaA“ y =2) is an order, by 
Corollary 3.7, but not a lattice order with respect to AM, v™, since 
th oeyh,, 2 


e the binary relation <P (2 <? y => xOy = 2) is only antisymmetric 
and transitive, by ([25], Proposition 3.11). 
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3.2. Puting Orthomodular Algebras on the “map” 


We have the connections from the Figure 3. 


m-BE(py) 


Figure 3: Putting OM, tOM, aOM and taOM on the “map”, where ? 
means that there is an open problem concerning aOM 


4 <A New Algebra: The Trans Algebra (TRANS) 


Concerning the involutive m-BE algebras not verifying (m-An), note that 
the examples: ([27], Example 6.2) of PreMV algebra, ([27], Example 6.3) of 
MMV algebra, ({27], Example 6.6) of tPreMV algebra and ({27], Example 6.7) 
of tMMV algebra have the binary relation <™ transitive, hence an order 
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relation (that is not a lattice order since x AM y 4 y AM «& for some x,y). 
But this is not true in general. We present, in Section 6, Example 6.3 of 
PreMV algebra, Example 6.4 of MMV algebra, Example 6.7 of tPreMV 
algebra and Example 6.8 of tMMV algebra whose binary relation <™ is not 
transitive. We present, in Section 6 also, Example 6.2 of involutive m-BE 
algebra and Example 6.6 of involutive m-pre-BCK algebra having the binary 
relation <” transitive, hence an order relation (that is not a lattice order 
since x AM y Ay A“ «& for some x,y), but also Example 6.1 of involutive 
m-BE algebra and Example 6.5 of involutive m-pre-BCK algebra having <™ 
not transitive. 

Concerning the involutive m-aBE algebras, we have a surprising result, 
the next Theorem 4.3 (saying that any m-BCK algebra has the binary 
relation < transitive, hence an order relation), obtained by Prover9 [29] 
in about 4 seconds and in 29 steps (the length of proof is 29); we 
have grouped the steps of proof in the following Lemmas 4.1, 4.2 
and Theorem 4.3. 


Lemma 4.1 Let A’ = (A’,©,~,1) be an involutive m-BE algebra. Then, 
LrO©(yO(y@x)-) =0, (56) 
(rO@y) O(«#O («#@(e#Oy))-) =0. (57) 

Proof: 


(56) By (m-Re), (x © y) © (a © y)~ = 0, hence by (Pass) and (Pcomm), we 
obtain (56). 


(57) In (56), take X := (x © y)~ and Y := z to obtain: 


(rOy) OOO (roy) )) =9; (a) 


take then z := x in (a) to obtain (57). 


Lemma 4.2 Let AY = (A’,@,~,1) be an involutive m-BE algebra verifying 
(m-BB) (i.e. an involutive m-tBE algebra (= m-pre-BCK algebra)). Then, 


(x@y) O(2O(yO(zOu)))= 
(roy) O(2O(fO(zOy ) )= 
rO(yO(x#O(zO(zOy)))> 


rO(yO(x#O(«#O(xOy))-)~ 


eed MN, SFR 
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Proof: 


(58) From (m-BB) ((x © y)~ © (z © y)) © (2 © a) = 0), by (Pass) we 
obtain (58). 


(59) In (58), interchange x with y and apply (Pcomm) to obtain (59). 
(60) In (59), take X := y, Y:=zO©(z@y) and Z := z& to obtain: 


(yO (zO(z0y) )) O@OYO (OO (ZO) )))) =9; (a) 


note that, in (a), yO (z@(z@y)7) 2 0, hence, by (Neg0-1), (PU), 
(a) becomes (60). 


(61) In (60), take z := x to obtain (61). 


Theorem 4.3 Let A’ = (A",©,~,1) be a (involutive) m-BCK algebra. 
Then, the binary relation <™ is transitive. 


Proof: Suppose C1 <™” C2 and C2 <™ C3, ie. C1 AM C2 = C1 and 
CLAM C3 =C? 162 


C2©(C2@C1-)> =Cl1 and (62) 
C3 © (C3 © C27) = C2. (63) 
We must prove that C1 <™” C3, ie. C1A™” C3 = C1, ice: 


C3@ (C3@C1-)- =C1. (64) 


In (m-An) (yOu =Oandz@y =O0 imply z= y), take X :=x©y and 
Y := z to obtain: 


(c©y) ©Oz=OandzrzO (yOz )=O0imply cz Oy =z. (65) 
In (65), take Z := z2© (4@©(xOy)~)~ to obtain: 
(rOy) O[zO (xO (xOy) ) |] =0and (66) 


LO (yO [xO (zO(rOy)~) ]") = 0 imply (67) 
LOy=xLO(LO(«#Oy) ). (68) 
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Note that (66) is true by (57) and (67) is true by (61). It follows that (68) 
holds. It follows that: 


r@(r«#@(«#@y)-)> =x#Oy. (69) 


Now, from (63), by multiplying by x on the right side and by (Pcomm), we 
obtain: 
C3 © ((C3 © C2-)" ©x) =C2Oz. (70) 


Next, in (69), take X := C3 and Y := (C3 © C27)” © to obtain: 
C30 (C36 (C306 ((C30C2-) ©z))-)~ = C30 ((C3©C2-) Oz). (71) 


(70) 


Note that, in (71), we have twice that C3 © ((C3 © C2~)~ © 2) C2©x, 
hence (71) becomes: 
C3 © (C3 © (C2©2)-)> =C2Oz. (72) 
Next, in (72), take X := (C2©C17)~ to obtain: 
C3 © (C36 (C2 © (C2@C1-)-)-)> =C2@(C20C1). (73) 


Note that, in (73), we have twice that C2 © (C2@©C17)~ ee) 


becomes (64). 
We present, in Section 6, Example 6.12 of involutive m-aBE algebra 
having <™ transitive (hence an order relation, by Corollary 2.10), but also 
Example 6.11 of involutive m-aBE algebra having < not transitive. 
Since the property of having < transitive (hence an order relation) is 
so spread, we shall introduce the following new algebra: 


C1, hence (73) 


Definition 4.4 (The dual one is omitted) 
A left-trans algebra is an involutive left-m-BE algebra A’ = (A’,©,~, 1) 
having the binary relation <™ transitive, i.e. verifying the property: 
(trans) « </ y and y <™ z imply x <™ z, for all x,y,z € AY”. 


It follows that trans algebras are those involutive m-BE algebras having <™ 
an order relation, by Corollary 2.10. We shall denote by TRANS the 
class of all left-trans algebras. Note that taTRANS = m-BCK, by above 
Theorem 4.3. Hence, we have the connections from the Figures 4 and 5 (see 
Figures 1 and 2, respectively). 


186 Afrodita Iorgulescu 


(te): Example 6.8 
(tf): [27], Example 6.7 
(tg): Example 6.10 


| 
tTRANS 
| (ta) | (te) (tf) (tb) 
| (tc) | (td) (tg) 
tMMV | tPreMv tQMV tOM 
| 
Fires Sta penne Se aaa seed Ness ated toll oe eats eee cell eels See GS le eel etal erase 
MMV PreMV QMV OM 
() | @) (2) 
(e) ! (f) TRANS 
(a) bee oe ee (b) 
where: 
(a): Example 6.1 (e): Example 6.4 (ta): Example 6.5 
(b): Example 6.2 (f): [27], Example 6.3. (tb): Example 6.6 
(c): Example 6.3 (g): Example 6.9 (tc): Example 6.7 
(d): [27], Example 6.2 (td): [27], Example 6.6 


Figure 4: Resuming connections between OM, PreMV, MMV, QMV and 


m-pre-BCK (py), TRANS 


Fe apps a a a tg oa, eee a eats, Meteo) os, pa ence ers 


aS 


| | 
! I 
| | 
| | 
! | | 
hoa ' I 
! m-BCK = (Am-comm) (Hom) 
4 ' | 
@ SeERANS MV taOM | aOM ! 
! \ 
! | 
i en ee aTRANS | 
(x) y) 
where: 


(x): Example 6.11 (y): Example 6.12 


Figure 5: Resuming connections between MV, taOM, aOM, m-BCK and 
aTRANS, where ? means that there is an open problem concerning aOM 


Remark 4.5 In a left-trans algebra A’ = (A’,©,~,1): 


e the initial binary relation, <, («& <m y == rOy = 0), is only 


reflexive ((m-Re) holds); 
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e the binary relation <M” (2 <“ yoo axa" y= 2) is an order, by 
definition and Corollary 2.10, but not a lattice order with respect to 
AM, VM, since c AM y Ay AM 


e the binary relation <P (2 <? y => xOy = 2) is only antisymmetric 
and transitive, by ([25], Proposition 3.11). 


5 The taOM Algebras Inside the 
m-BCK Algebras 


Note that a taOM algebra is a transitive antisymmetric involutive m-BE 
algebra verifying (Pom), hence it is a (involutive) m-BCK algebra verifying 
(Pom), so we could say that it is an orthomodular m-BCK algebra. 

First, we shall analyse more deeply the (involutive) m-BCK algebras. 


5.1 The m-BCK Algebras 


We have seen, in the previous section, that any m-BCK algebra has <™ an 
order relation, by Theorem 4.3 and Corollary 2.10. This order relation </ 
is a lattice order if and only if the property (Aj-comm) holds, i.e. if 
and only if the m-BCK algebra is an MV algebra, and in MV algebras, 
x a” y <> © <m y and both on and <,,, are distributive lattice orders. 

But any m-BCK algebra has <,, as an order relation too, since (m-Re), 
(m-An) and (m-Tr) hold. But we do not know when (what property 
determines that) this order relation <,, (=<) is a lattice order; 
we have examples of m-BCK algebras that are not lattices and examples 
that are lattices [1, 31], distributive or not. 

We shall denote by m-BCK-L the class of all left-m-BCK lattices. 
We have: m-BCK-L Cc m-BCK. 

Recall the following definition ([17], Definition 1.2.9): 


Definition 5.1 (The dual one is omitted) 
An involutive residuated left-lattice, or a left-IRL for short, is a bounded 
residuated left-lattice satisfying (DN), i.e. is an algebra 
AY = (AX,A,V,©,—,0,1) of type (2,2, 2,2,0,0) such that: 


(irll) (A%,A,V,0,1) is a bounded lattice w.r. to the lattice order <, 


(irl2) (A”,©, 1) is an abelian monoid (i.e. (PU), (Pcomm), (Pass) hold), 
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(RP) forallz,y,z€ A", 2r<yozrzexroy<z, 


(DN) for all2e A’, (2~)~- =2 (or x= = 2), where x7 a) 


Note that (irll) means that: 


e <isan order (ie. it is reflexive (Re), antisymmetric (An) and transitive 
(Tr)) and 


e for all x,y € AY, Ja Ay = inf(x,y) and 32 V y = sup(z,y) and 


e for all z € AX, 0<a2<1,ie. we have: 
(F) (first element) 0 < x and 
(L) (last element) x < 1. 


We shall denote by IRL the class of all involutive residuated left-lattices. We 
shall prove that involutive residuated left-lattices (IRL) are definitionally 
equivalent (d. e.) to left-m-BCK-lattices (m-BCK-L). First, we prove some 
properties of left-IRLs. 


Proposition 5.2 Let A’ = (A",A,V,0,—,0,1) be a left-IRL. We have: 
for all z,y € A¥, 


(V) 
(N) 
(EqrelR) 


(irl3) 


(Neg0-1) 
(Neg1-0) 
(m-L) 
(m-Re) 
(irl4) 
(irl5) 
(irl6) 
(irl7) 


r<0—c=0, 
l<aeer=l, 
rsyeSrtcoy= il, 


def. 
rSy So <n YY; where t <my £& x Oy- =0, hence 


(Re) <= > (m-Re), (An) = > (m-An), 

(Tr) <= > (m-Tr), (L) = > (m-L) and 

CRY —=Z Ag = Wiel hY), BV HEV = Sup a); 
(=a, 

i= 0 

xOQ0d=0, 

rOQux =0, 

TO(x>y) Sy, 

to>y=(rOy), 

rOy=(t>y), 

the algebra (A’,@,~,1) is a (involutive) left-m-BCK lattice, 
with the lattice order <;,<— >< and the lattice operations 
Am =A, Vm = V. 
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Proof: 
(V) Since 0 < a, by (F), then, if  < 0, we obtain, by (An), z 


Conversely, if x = 0, then x < 0, by (Re). 


I 
2S 


(N) Since x < 1, by (L), then, if 1 < x, we obtain, by (An), 2 = 1. 
Conversely, if x = 1, then 1 < z, by (Re). 


(EqrelR) ppl ae ay 2 eee oxo. 
(irl3) t<my £8 roy =0B roy <0 Ba<y s0=y= 2 y; 


the rest follows by this equivalence. 


(Neg0-1) 0- “fo 0=1 “22” 0 < 0, which is true by (Re). 

Nelo OS) = 6 

(m-L) (direct proof) 20 = 0 £4 2@0 <0 £2 2<050=0° OS" 1, 
that is true by (L). 

(m-Re) (direct proof) x© a~ = 0 4 Oe 0 ee yee 


ct @) x, that is true by (Re). 


(irl4) PO Gaeaeys eo” Sao pea, that 
is true by (Re). 


(irl5) First, we prove 


- (a) 


ety<s(zOy ) 


Indeed, x > y < (Oy) ue) (tc > y)O(tOy )= =0 @%) 
Pass),(Pcomm irl 
GSO Vea Se SO SO” 
x@ («> y) <y, that is true by (irl4); thus, (a) holds. 
Then, we prove 
(rOy ) Say. (b) 


Indeed, (t Oy)" <# +y S93 (woy-) or <y SS 


Pass 
((xOy) Ox)Oy =0 (Bass) (x@©y~) © (a Oy) =), that is true 
by (Pcomm) and (m-Re); thus, (b) holds. 
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By (a), (b) and (An), we obtain (irl5). 


(DN) 


ee (20g -\- =" rO”g. 


(irl6) (a > y~)7 
(irl7) By (Neg1-0), (irl2), (m-L), (DN), (m-Re), (m-An), (m-Tr) (@...¢ 
(m-BB)), (A’,©,~,1) is a (involutive) left-m-BCK algebra; since < 
is a lattice order, by (irll), it follows that <,, is a lattice order, by 
(irl3), hence, (A’,©,~,1) is a (involutive) left-m-BCK lattice, with 
the lattice operations Aj, = A and Vm = V. 


Now, we prove the definitional equivalence (d. e.) between IRL and 
m-BCK-L. 


Theorem 5.3 
1) Let AY = (A",A,V,©,—,0,1) be an involutive residuated left-lattice. 


Define f(A”) = (A¥,©,7,1), where x~ ae 5 0, 
Then, f(A”) is a (involutive) left-m-BCK lattice, with the lattice order 
<m<=>< and the lattice operations Am = A, Vm = V. 

(1’) Let AY = (A",0,~,1) be a (involutive) left-m-BCK lattice, with the 
lattice order <m (%&<m y ot ©y~ =0) and the lattice operations 
tie jj inl (gy) ond 2 Ve = sup, (8,4). 


Define g(A¥) = (A”,Am,Vm,©,—,0,1), where x > y = (x4 © y )7 


and 0 Her 1-. 


Then, g(A”) is an involutive residuated left-lattice. 
(2) The maps f and g are mutually inverse. 


Proof: 
(1) By Proposition 5.2, (irl7). 


(1’) Let A” = (A”,0,~,1) be an (involutive) left-m-BCK lattice w.r. to 
the lattice order <,, and the lattice operations A, and Vj. Then, 
(irll), (irl2) and (DN) hold. 


_ (Neg0-1) U) 


Note that x > 0 (2 ©07) (2 © 1)7 Ce) 


We prove that (RP) holds. Indeed, first, by ((22], (mCDN2)), (DN) 
+ (Pcomm) = > (DN4), where: (DN4) t <m y = Y <m Tw; 
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_\_ (DN4) ae _ (DN) 

then, 2, i Se SS es Os) Ss Or ree 
_ ic _ - (DN),(Pcomm),(Pass) - 

YOR” <m a <— > (yOxr)Oz= =0 —— (r©y)Oz = 


0 rOy <m 2; thus, (RP) holds. 


Hence, (A’, Am; Vm; ©,—%, 0, 1) is an involutive residuated left-lattice. 


(2) Routine, by Proposition 5.2. 
We write: IRL = m-BCK-L. 


Remark 5.4 In a left-m-BCK algebra A’ = (A’,©,~, 1): 


e the initial binary relation, <, (t« <m y <= r©y = 0), is an 
order relation (since (m-Re), (m-An), (m-Tr) hold); it can be a lattice 
order, but we do not know when, in general, excepting the case of 
MV algebras; 


e the binary relation <M (2 <“ yo 2A" y= 2) is an order, by 
Corollary 2.10 and Theorem 4.3, but not a lattice order, in general, 
with respect to AM, v™,, since x AM y A y AW @; it is a distributive 
lattice order if and only if (Aj-comm) holds (i.e. e AM y = y AY a), 


i.e. in the case of MV algebras, when <a 


e the binary relation <P (2 <? y <> 2Oy = 2) is only antisymmetric 
and transitive, by ([25], Proposition 3.11); in Boolean algebras, it is a 
distributive lattice order and <Pe><,— 3<™. 


5.2. The IMTL Algebras and the NM Algebras 
The IMTL (Involutive Monoidal t-norm based Logic) algebras and the NM 


(Nilpotent Minimum) algebras were introduced in [6], see also [7], [30]. 


Definitions 5.5 (See ([17], Definition 1.2.32)) (Definitions 1) 
(The dual ones are omitted) 
e A left-IMTL algebra is a left-IRL A” = (A",A,V,©,—, 0,1) verifying: 
(prel) (pre-linearity) (« > y) V (y > x) = 1, for all 2,y € A”. 
e A left-NM algebra is a left-IMTL algebra A” = (A”,A,V,©,—,0,1) 
verifying: 


(WNM) (Weak Nilpotent Minimum) (t@y)~ V ((zAy) > (@y)) = 1, 
for all x,y € AY. 
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We shall denote by IMTL the class of all left-IMTL algebras and by NM 
the class of all left-NM algebras. Hence, we have: 

IMTL = IRL + (prel) = m-BCK-L + (prel), 

NM = IMTL + (WNM). 
Recall [17] that: MV = IMTL + (div), where: 

(div) (divisibility) cA y=20 (4 3 y) =2A8 y, for all z, y. 
Recall also [17] that: (wayMV “! MV + (WNM) = NM + (div). 

By the above d.e. IRL = m-BCK-L, we obtain a second, equivalent 
definition of IMTL and NM algebras: 


Definitions 5.6 (Definitions 2) (The dual ones are omitted) 


e A left-IMTL algebra is a (involutive) left-m-BCK lattice A’ = 
(A4,©,~,1), with the lattice order <,, and the lattice operations 
Am = infm, Vm = SUp,,, verifying: 

(prel) (t& > y) Vm (y 3 2) = 1, for all x,y € AY, 
where x > y = (eg). 


e A left-NM algebra is a left-IMTL algebra A’ = (A”,©,~,1), with the 
lattice order <,, and the lattice operations A,, and Vm, verifying: 


(WNM) (2 © y)7 Vin (2 Am y) 3 (2 © y)) = 1, for all 2,y € A®, 
where x > y — (c@y7). 


Hence, we have the connections from the Figure 6. 


Remark 5.7 There is a connection between above (prel) and (prel,,,) from [27], 
where: 

(preln) (cy) VA (ya) =1 
and between above (WNM) and (aWNM,,,) from [26], where: 

(aWNMm) (Oy) © [eO (Oy) O(@Oy) | =rOy, 
namely: in MV algebras, they coincide, (prel) = (prel,,) and (WNM) = 
(aWNM,,). 


5.3 The taOM Algebras 


Note that all the examples of finite taOM algebras we found are lattices w.r. 
to <j. The examples of proper taOM lattices (i.e. not being MV algebras 
or (wnm)MV algebras) we found are either NM algebras, or proper IMTL 
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m-BCK 
(lattice) m-BCK-L 
= IRL 
(prel) 

IMTL 

(div) (WNM) 
MV NM 

(WNM) (div) 
(wnmyMV 


(G) 


Boole 


Figure 6: The connections between m-BCK, m-BCK-L, IMTL, MV, 
NM and Boole 


algebras (i.e. not being NM algebras), or proper m-BCK lattices (i.e. not 
IMTL algebras) - distributive or not-distributive. 
Hence, we have the following: 


Open problem 5.8 Prove that any m-BCK algebra verifying (Pom) (i.e. 
taOM algebra) is a lattice w.r. to <m - or, equivalently, prove that any 
m-BCK algebra which is not a lattice does not verify (Pom) - or find an 
example of taOM algebra that is not a lattice. We have tried for several days 
to prove by Prover9 program [29] that any m-BCK algebra which is not a 
lattice, i.e. which has the situation from the Figure 7, does not verify (Pom). 


a b 


Figure 7: The Hasse diagram of the non-lattice situation of the order 
relation <j, 


By using the following Mace4 input file, we have tried in vain, by Mace4 
program [29], to find an example of finite taOM algebra that is not a lattice: 
practically, there is no such a finite example. 
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*-y = 0) & (y * -x=0)) — > (x=y) 
(-(z * x) * (y * x)) * -(y * -z) =0 


(x * y) + (C(x * y) *x) =x 
a!l=0 

al=1 

b != 0 

b!=1. 

c!=0. 

c!l=1 

d!=0 

d!=1 

cl=d. 

cl=a. 

c!l=b. 

al=d. 
al=b. 
bl=d. 

(e* d) *-a = 0. 
(e © d) *=b =O, 
a* -b != 0. 

b * -a != 0. 

c * -d !=0. 


d * -c !=0. 


#label 
#label 
#label 
#label 
#label 
#label 
#label 
#label 


oPU), 
”Pcomm” ). 
” Pass”). 
”*m-Re”). 
”m-L”). 
”DN”). 
”Neg0-1”). 
”Negl-0”). 


a a a a a a a 


#label (”m-An”). 
#label (”m-BB”). 


#label (”sum”). 
#label (” product” ). 
#label(” Pom”). 
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a*-c=0. 
a*-d=0. 
b*-c=0. 
b * -d=0. 


a*-x=0 & x *-c=0—> (e=a | x=c). 
a* x= 0 & x * -d=0 = > Ge=a | x=d), 
b* x=0 4x *-¢=0 => (x=b | x=c). 
b*«=04x*-d=0— > (=b | x=d). 


where != means ”4” and | means or”. 


Open problem 5.9 Prove that there is a connection between the open 
problem ([27], 4.14) connected to the aOM algebras and the previous open 
problem; most probably, there is an example of aOM algebra if and only if 
there is an example of taOM algebra that is not a lattice. 

We believe that there are no such examples, we believe that any taOM 
algebra is a lattice w.r. to <m and that we have: MV Cc taOM Cc BCK-L. 


Remark 5.10 In a left-taOM algebra A’ = (A’,©,~, 1): 


e the initial binary relation, <p, (t@ <m y <=> rOy =O), is an order, 
since (m-Re), (m-An), (m-Tr) hold, namely a (distributive or not 
distributive) lattice order in all the finite examples found; 


e the binary relation <“ (2 <” yo—>a AV y=2) is an order, by 
Corollary 3.7, but not a lattice order, in general, with respect to A“, 
VM since x My 4 y A™ og; it is a distributive lattice order in MV 

algebras, where x AM y = yA™ « and <Me><,,; 


e the binary relation <P (2 <P y => ry = 2) is only antisymmetric 
and transitive, by ((25], Proposition 3.11); in Boolean algebras, it is a 
distributive lattice order and <P? =+<,,—><!. 


Resuming, the examples we found helped us to conclude that we have the 
connections from the Figure 8. 
This research is continued in [23, 24]. 


6 Examples 


We introduce the following definition: an X algebra is said to be proper, if 
it verifies the properties from its definition and does not verify the other 
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m-aBE (py) 
m-BCK (e”) 
(e’) 
IMTL (d’) 
m-BCK-L NM (c’) 
(a) @/(c)) | | (Pom) 
(wnm)MV ' 29) 
(b) taOM: ' aOM 
a @) |e: ? 
where 


@ means Boole 
(a): Examples 6.13, 6.14, n=1,2 


(b): Examples 6.13, n > 3 

(c): Examples 6.14, n=3 (c’): Examples 6.14, n > 4 
(d): Examples 6.15, 1 (d’): Example 6.16 

(e): Examples 6.15, 2, 3 (e’): Example 6.17 


(e”): Example 6.18 


Figure 8: Resuming connections between MV, NM, IMTL, taOM and 
aOM, where ? means that there is an open problem concerning aOM and 
?? means that there is an open problem concerning taOM non-lattices 


properties (from this paper and from the previous papers, recalled below), 
except (prel,,) from [27] and (WNM.,,,), (aWNM,,,) from [26]. 


(prel,) (x + y) V8 (y > x) =1, where x > y ae (fou); 
(WNMn) (xOy) V[(z@Ay) > (xOy)] =1, 
def def 


where x7 A y =yAMaavy = ie ey, 


(aWNMn) (Oy) O|zO(tOy) O(eOy) | =rOy, 
(m-Pimpl) [(x@y-) O27]- =a [22], 

(G) cOe= zx [22], 

(m-Pabs-i) xO(t#@zr@y) =z [26], 

(m-Pdis) z2O(t@ Oy) =(zOxz) GO (zOy) [25]. 


6.1 At Involutive m-BE Algebras Without (m-An) Level 


Example 6.1 Proper involutive m-BE algebra (not verifying (trans) ): 
m-BE(pn) 
By MACE4 program, we found that the algebra 
Al = (Ag = {0, a, b, C, d, e, i 1},0, 4 1); 
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with the following tables of © and ~ and of the additional operation 4, is 
an involutive left-m-BE algebra not verifying (m-B) for (b, a,e), (m-BB) for 
(b,e,b), (m-*) for (a,e,b), (m-**) for (b,a,e), (m-Tr) for (b,a,e), (m-An) 
for (a,b), (m-Pimpl) for (a,0), (m-Pabs-i) for (d,0), (G) for a, (Pqmv) for 


(a, 

(b,0,c), (Pom) for (b,c), (Pmv) for (d,a), (Am) for (a,d), (prelm) for (e, f), 

(WNM,,,) and (aWNM,,,) for (e, b), (m-Pdis) for (a, a,b). 
©O;}Oabcdefl GB e®|Oabcdefl 
0;00000000 0; 1 0;|0Oabcdefl 
aj/O00a000a al b ajalllfbill 
b/O000f0a0b bia bj/b1li1iibi1i1i 
c|OafcOefe and c/d ,with c}/cllliliilil 
dj/0000000d dic djdfbldefl 
e|/00ac00ae e | e elebllielbl 
f/oO00fOadf f| f f\/ flilfbilil 
1;/Oabcdefl 1| O 1T/liiliiliiliil 


The table of A is 

AM |O0abcdef 
0000000 
Oabfdaf 
Oabfdefb 
Oabcdefe. 
0000d00d 
OaQdQedeOe 
Oabfdaff 
Oabcdefl 


x O];r 


eBmoandaoee oo 


The binary relation <™ is not transitive (hence (trans) is not verified) for 
(a,e,c): a<Me,e<“c, buta £™” c, since aAM c= f <a. 


Example 6.2 Involutive m-BE algebra verifying (trans): TRANS 

By a PASCAL program, we found that the algebra A’ = (Ag = 
{0, a,b, c,d, 1},©,~,1), with the following tables of © and ~ and of the addi- 
tional operation ©, is an involutive left-m-BE algebra, since (PU), (Pcomm), 
(Pass), (m-L), (m-Re), (DN) hold, while (m-B) does not hold for (6, a,b), 
oe for (b, b, a), (m-*) for (a,c,b), (m-**) for (b, a,b), (m-Tr) for (b, a,c), 
(m-An) for (a,b), (m-Pimpl) for (a,0), (Pqmv) for (b,0,6), (Pom) for (6, 6), 
(Pmv) for (b,b), (Am) for (b,c), (m-Pabs-i) for (a,0), (G) for a, (prel»,) for 
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(b,c), (WNM,,,) and (aWNM,,,) for (c, c), (m-Pdis) for (a, a,c). 


©O}Oabcdl CAN ee eB|Oabcdl 
0;000000 0} 1 0;Oabcdl 
aj/O0000a a|d ajadd1l1ilil 
b|/00a00b and bj c ,with b}/bddl1lll. 
c|/000aac c| b c}/celldil 
d|/000aad dj] a dj|d1ii1i11 
1/Oabcdl 1) 0 1Tj/1liiliiiliil 
Then, the tables of AY and its dual, V™, are the following: 
AM \|0abcdl VM | Oa bed 1 
0 ;000000 0 |Oabcdl 
a |Oabaaa a jaabcdl 
b |Oabaab and b |babldl. 
c |/Oa0cde c |cddcedl 
d |Oabcdd d |dddcdl 
1 Oabcdl 1 T1liliilil 


Note that < is transitive (hence (trans) is verified), hence < is an order 
relation, by Corollary 2.10, but not a lattice order w.r. to AM, V™, since AM 
is not commutative. 


Example 6.3 Proper PreMV algebra (not verifying (trans) and 
(m-Tr)): PreMV 


By MACE4 program, we found that the algebra 
AY = (Ag = {0, a, b, Cc, d, e, 1595 16,7, 1); 


with the following tables of © and ~ and of the additional operation @, 
is an involutive left-m-BE algebra verifying (Pmv) (hence (A,,)) and also 
(prel,,), and not verifying (m-B) for (6, g,b), (m-BB) for (6, 6,g), (m-*) for 
(a,e,g), (m-**) for (b, 9,6), (m-Tr) for (b,g,a), (m-An) for (a, e), (m-Pimpl) 
for (a,0), (m-Pabs-i) for (a,0), (G) for a, (Pqmv) for (b,0,c), (Pom) for 
(b,c), (WNM,,,) and (aWNM,,,) for (b,b), (m-Pdis) for (a, a,b). 
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©;/Oabcdefegl x) a7 @®|Oabcdefegl 
0;000000000 O; 1 O;|0Oabcdefgl 
aj/O0000000a al b ajadlfbd11l 
b/O00caeOcOb b] a b}/b1l1111111 
c|00a000a0Cc c| d ; e/cfllilbiliill 
A OnO e0NO Oe Od ale Pe ad aba beak 
e/00000000€e e| f e/edlbbdilfl 
f;/O0O0caaOcef f |e fy)fliit11i1i11 
ge/000000e08 g/g g/glliifiiliil 
1/Oabcdefgl 1] 0 1Ti/1liiliidiliiidii 


The table of A™ is: 


AM |\O0abcdefgl 
0 ;000000000 
QOaeaaeaga 
Oabcdefgb 
Oaccdecge 
Oaccdecgd-= 
Oaeaeeaee 
Oabcdefegf 
Oabcdecgg 
Oabcdefgl 


FPmmeuao»#ee 


The binary relation <™ is not transitive (hence (trans) is not verified) for 
(a,c,b): a<@e,c<™ db, but a £™ b, since aA“ b=e Za. 


Example 6.4 Proper MMV algebra (not verifying (Pmv), (m-Tr) 
and (trans)): MMV 


By MACE4 program, we found that the algebra 
Al aa (Ato — {0, a, b, C, d, e, F593 h, 1}, On 5 Li 


with the following tables of © and ~ and of the additional operation 4, is 
an involutive left-m-BE algebra verifying (A,,,) and not verifying (m-B) for 
(b, g, 6), (m-BB) for (6, 6, g), (m-*) for (a, g, h), (m-**) for (6, g, b), (m-Tr) for 
(b, g, a), (m-An) for (a,e), (m-Pimpl) for (a,0), (m-Pabs-i) for (a,0), (G) for 
a, (Pqmv) for (b,0,c), (Pom) for (b,c), (Pmv) for (g,h), (prelm) for (g, h), 
(WNM,,,) and (aWNM,,,) for (b, 6), (m-Pdis) for (a, a, b). 
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©;}/Oabcdefghtl Ya 6®|/Oabcdefghtl 
0;0000000000 0; 1 0O|0abcdefghl 
a/O00000000a al b ajadifbd1li1i1l 
b/O00cae0OcO00b bj] a bibliliiliiiii 
c|/00a000a00 Cc c| d e|/cfllililbiiil1il 
d/00e000a00d and d| c ,with dj/dblilbiiiil 
e|/000000000€e e| f el/edlbbd1l1iilil 
f|/00caadcOOf f |e f)f1li1i1111111 
g/00000000ag8 g| g ge/gllilliiliilbl 
h}/0000000a0h h| h hi/hililililibilil 
1/Oabcdefghl 1| 0 1T/l1iililiiliiliiii 


The table of A is: 

KM | 0a. bred ect hi 
0000000000 
Oaeaaeagha 
Oabcdefghb 
Oaccdecghe 
Oaccdecghd. 
Oaeaeeaghe 
Oabcdefghf 
OabcdefgO0g 
OabcdefOhh 
Oabcdefghtl 


FPpPornaoenwaa#xr. © 


The binary relation <™ is not transitive (hence (trans) is not verified) for 
(a,c,b): a<@ c,c<™ b, but a £™ b, since aAM b=e Za. 


Example 6.5 Proper involutive m-pre-BCK algebra (not verifying 
(trans) and (A,,)): m-pre-BCK py) (= m-tBE(pn)) 
By MACE4 program, we found that the algebra 

Ab = (Ag = 1030, b0.d,6,f,1),6; -,1), 
with the following tables of © and ~ and of the additional operation 4, is 
an involutive left-m-BE algebra verifying (m-BB) (©... <= (m-Tr)), and 
(prel,,), and not verifying (m-An) for (a, f), (m-Pimpl) for (a,0), (m-Pabs-i) 
for (a,0), (G) for a, (Pqmv) for (b,0,d), (Pom) for (6, d), (Pmv) for (c, a), 
(A,,) for (a,c), (WNM,,,) and (aWNM,,,) for (b, 6), (m-Pdis) for (a, a, 6). 
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O0Oab 
O0Oab 
abl 


Oabcdefl x 
00000000 
0000a00a 
0O0OadDeaDb 
0000000c and 
OaeOdefd 
O0adDeadDe 
O000f OO Ff 
Oabcdefl 


, with 


FPrmoewaag#eene o@® 
FPrmooemaa#ewx® ag 
Let et eel ee el ee © 
SEPP Fr OFF O/]O 
ee ORI ce eee lo Oe Od 
RR SR SR SR a 


ePmoeuada»#ewew#s ols 
SOO mane? Te 
eRe REPRE Or 

FPmoraAa TRrdoIoa 


1 
f 
1 
1 
b 
1 


FPrmoeandanasa 


The table of A™ is: 
Oabcdefl 
00000000 
Oaacfafa 
Oabceefb 
O000c000c. 
d 
e 
f 
1 


Oabcdef 
Oabceef 
Oaacfaf 
Oabcdef 


FPrmooeuaodnd»#eewe#sae 


The binary relation <™ is not transitive (hence (trans) is not verified) for 
(a,e,d): a <M e,e <™ d, but a £¥ d, since aAM d= f fa. 


Example 6.6 Involutive m-pre-BCK algebra verifying (trans): 
tTRANS 

By a PASCAL program, we found that the algebra 

AP = (Ag = {0 .6,0:6d,.1 6,1). 

with the following tables of © and ~ and of the additional operation 4, is 
an involutive left-m-BE algebra verifying (m-Tr) (©... << (m-BB)), and 
also (prelm), (WNMm), (aWNM,,,), and not verifying (m-An) for (a,d), 
(m-Pimpl) for (a,0), (Pqmv) for (b,a,0), (Pom) for (c,a), (Pmv) for (0,4), 
(A,,) for (a, 6), (m-Pabs-i) for (b,0), (G) for a, (m-Pdis) for (a, a, a). 


©!|0abcdl ula e®}|Oabcdl 
0;000000 0} 1 0;Oabcdl 
a/O00a0a a|d ajaldil1l 
b/00000b and b}] c ,with b}/bdblidl. 
c|/Oa0Qcac c| b e}/cel1l1l1ii1i1 
d/000a0d dja dj|didiill 
1;/Oabcdl 1) 0 Tj/1liiliil 
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Note that <” is transitive (hence (trans) is verified), hence <” is an 
order relation, by Corollary 2.10, but not a lattice order w.r. to AM, v¥, 
since \M is not commutative. 


Example 6.7 Proper transitive PreMV algebra 
(not verifying (trans)): tPreMV 

By MACE4 program, we found that the algebra 

Al = (Ag = (0; 0; 0,606, f 13,606,730), 

with the following tables of © and ~ and of the additional operation 4, is 
an involutive left-m-BE algebra verifying (Pmv) (hence (A,,,)) and (m-Tr) 
(<=... < (m-BB)), and also (prel,), and not verifying (m-An) for (a, e), 
(m-Pimpl) for (a,0), (m-Pabs-i) for (a,0), (G) for a, (Pqmv) for (6,0,c), 


(Pom) for (b,c), (WNM,,) and (aWNM,,,) for (b, 6), (m-Pdis) for (a, a, 6). 
©}/Oabcdefl a al 6®\|Oabcdefl 
0;00000000 0; 1 0/Oabcdefl 
alO000000a al b ajadlfbdil 
b|O0O0caeOcb bia b}/b1111111 
c|00a000ac and c/]d ,with c};cf1lililbilil. 
d|00e000ad d/c dj/db1l1i1bil1il 
e/0000000€e e| f e|/edlbbdll 
f;/O0O0caaOdcf f| e f}f1111111 
1/Oabcdefl 1| O 1T/l1iiliiliilidii 


Then, the table of A’ is the following: 
AMD aabrerdoent A 
0 /;00000000 
QOaeaaeaa 
Oabcdefb 
Oaccdecc. 
Oaccdecd 
QOaeaeecae 
Oabcdef f 
1 |Oabcdefl 


Note that < is not transitive (hence (trans) is not verified) for (a, c, b). 


moRWoio»o » 


Example 6.8 Proper tMMV algebra (not verifying (Pmv) and (trans)): 
tMMV 
By MACE4 program, we found that the algebra 
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A’ = (Ai2 = (030, 0, 0), 3959; hyd. 9, Up @s ~ 5 1)) 
with the following tables of © and ~ and of the additional operation 4, 
is an involutive left-m-BE algebra verifying (A,,) and (m-BB) (©... © 
(m-Tr)), and (prel,,), and not verifying (m-An) for (a,g), (m-Pimpl) for 
(b,0), (m-Pabs-i) for (a,0), (G) for a, (Pqmv) for (a,0,a), (Pom) for (a, a), 


(Pmv) for (a,a), (WNM,,,) and (aWNM,,,) for (c,c), (m-Pdis) for (a,a,a). 
©Ol|lOabcdefghijl @)/0Oabcdefghijl 
0;/000000000000 0;/Oabcdefghijl 
alj/OgO0OgO0g0g00¢ga afaalcjjcalcjl 
bj/O0biddidObidb bj/blhihthihhtil 
c|OgieOadgfdge e}/cceclliltlclililil 
dj/00d00000dC00d djdjhifcbehhcl 
e/Ogda0dgOgdO0ge, ejsejllecljllicl 
filo0idd00d0idOf f|fcechiblhchhitl 
gel0g0gO0g0g00¢¢8 glgalcejcalcjl 
hj}O00bfddiObidh hjhthihthihhil 
i/00idd00d0id0i ijichlhtihchbll 
j |OgdgO0g0gd0aj jljjlleciljlticl 
1/Oabcdefghijl 1T)/1liil’iiiiidiidii 


and (0;.@,b;¢,0,€, f;9, Rett 1) _ (1 O3Gd,.C; 6 FG59,1,0): 


The table of A™ is: 


it Oe bene te hea pt 
0 |;000000000000 
a |Oa0OgOa0dgOO0ga 
b |O00bfddfOhidb 
c |Oaicdefgfije 
d |00dddddOdddd 
e |Oadededgddje. 
f |O0iiddfoOfidf 
g |Oa0a0a0d0gO00geg 
h |O0ObfddfOhidh 
1 O0ifddfoOfidi 
j Oadededgddj j 
1 /Oabcdefghijl 


The binary relation <™ is not transitive (hence (trans) is not verified) for 
(a,e,c): a<M@e,e<“c, but a £™ c, since aAMc=g Fa. 
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Example 6.9 Proper orthomodular algebra: OM 


By MACE4 program, we found that the algebra 
AL is (As = {0, a, b, C, 1 O,-; 1), 


with the following tables of © and ~ and of the additional operation 9, is an 
involutive left-m-BE algebra verifying (Pom), and also (prel,,), (WNM.,,,), 
(aWNM,,,), and not verifying (m-B) for (a,c,a), (m-BB) for (a, a,c), (m-*) 
for (c,b,a), (m-**) for (a,c,a), (m-Tr) for (a,c,6), (m-An) for (a,c), (m- 
Pimpl) for (a,0), (m-Pabs-i) for (b,0), (G) for b, (Pqmv) for (b, 6,0), (Pmv) 
for (b,b), (Am) for (a,b), (m-Pdis) for (a, a, a). 


©!|l0abcl x | x” eB|Oabcl 
0;00000 oO} 1 0;/Oabcl 
a/Oa0d0a al b : ajali1ill 
beoceatorty OS lb: Be yl a 
c/0000c c}] c¢ e}/cllilil 
1/Oabcl 1) O 1T/1iii1i1 


Example 6.10 Proper transitive OM algebra : tOM 


By MACE4 program, we found that the algebra 
AP = (Ag ={0; 4; 5,6, d;e, f,1},6,.-.1), 
with the following tables of © and ~ and of the additional operation 4, is an 
involutive left-m-BE algebra verifying (Pom) and (m-Tr) (© ... = (m-BB)), 
and also (prel,,), and not verifying (m-An) for (c,e), (m-Pimpl) for (0,0), 
(m-Pabs-i) for (a,0), (G) for a, (Pqmv) for (a,a,0), (Pmv) for (a,a), (Am) 
for (b,a), (WNM,,,) and (aWNM,,,) for (d,d), (m-Pdis) for (a, b, a). 


©O;}Oabcdefl va ®\|Oabcdefl 
0;00000000 0/; 1 0|0abcdefl 
aj/O000000a al b ajaalddffl 
b/|00bcceeb bia bj/b11i1ii1i111 
c|00c0000c and c/]d ,with c}cdlbibill. 
d|/00cOa0ad d|c djddililiiiil 
e/00ece0000e e| f el/eflblibll 
f/00e0adaf fl e f;);ffliii1iii 
1/Oabcdefl 1 | 0 1T/l1iiliiliiliii 


Then, the tables of AM and its transposed, A, are the following: 
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AM |\fabtbed¢£1 AB | Qabede f 1 
0 |00000000 0 ;00000000 
a |Oa00aO0aa a |/Oaaaaaaa 
b |Oabcdefb b |00bcceeb 
c Oaccceec and c |00cccccc. 
d |Oaccdefd d |0Oadcdcecdd 
e€ QOaecceee e |O0eeeecee 
f |Oaecdef f f |Oafefeff 
1 |Oabcdefl 1 |Oabcdefil 


Note that < is an order relation, by Corollary 3.7, but not a lattice order 
wr. to AM, VM, since AM is not commutative. From the table of A”, we 
see thah wa” df1beY bee hadiied =) lee” ie fe i 
then, the bounded po-set (Ag, <,0,1) is reprezented by the Hasse diagram 


from the Figure 9: 1 


Q 


0 
Figure 9: The Hasse diagram of the bounded po-set (Ag, <”,0, 1) 


The binary relation <m (<<?) is a pre-order relation, since (m-Re) and 
(m-Tr) hold; hence, <2 is a pre-order relation too. From the table of A2, 
we see that a <m b,c, d,e, f,1; 6 <m 1; ¢ <m 0,d,e, f,1; d <m b, f,1; e <m 
b,c, d, f,1; f <m 6,d,1; hence, the Hasse type diagram ([20], Remark 2.1.21) 


of the bounded, pre-ordered set (Ag, <m,0,1) is presented in the Figure 10. 


6.2 At involutive m-aBE algebras level 


Example 6.11 Proper involutive m-aBE algebra 
(not verifying (trans)): m-aBE,py) 
By MACE4 program, we found that the algebra 
A® = (Ajo = {0, a,b, c,d, e, f,9, 8,1}, ©, ~; 1); 
with the following tables of © and ~ and of the additional operation 4, is an 
involutive left-m-BE algebra verifying (m-An) and not verifying (m-B) for 
(a,g,a), (m-BB) for (a,a,g), (m-*) for (a,g,c), (m-**) for (a, g,a), (m-Tr) 
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Figure 10: The Hasse type diagram of the bounded pre-ordered set 
(Ag, <m; 0, 1) 


for (a,g,b), (m-Pimpl) for (a,0), (m-Pabs-i) for (a,0), (G) for b, (Pqmv) for 
(a,d,0), (Pom) for (b,b), (Pmv) for (a,d), (Am) for (a,b), (prelm) for (a,b), 


(WNM,,,) and (aWNM,,,) for (6,6), (m-Pdis) for (a, a, a). 
©O;/Oabcdefghl ala @®|Oabcdefghtl 
0;0000000000 Of 1 O|}0Oabcdefghl 
al/OaQa0dadO0Oa al b ajahlihticccl 
b;j/O0gg0d0ddb_ bia b}/bibilbiblii1l 
c|OageOaddfe cj}d e}/ellitiiiii 
dj000000000d, d/c ,djsdhbifcbecl. 
e|/OadaQa0DOde e| f efellicliclil 
filo00d0000df fle flfeblbilbcll 
g/00dd00000¢g gjh glgeclleccell 
h/00dfO0dd0fh hj} g h}|[hellcliliiliiil 
1i/O0Oabcdefghl 1) 0 Tyliiiliiiliidi 


The table of A™ is: 
AM\lOabcdefghil 
0 |0000000000 
Oadfdafdfa 
0O0Obgddfghb 
Oabcdefghe 
00dddddddd. 
Oabedefgfe 
O0Oggddfeff 
Oagadadgdg 
Oagedefghh 
Oabcdefghl 


ee Or oro moma) 
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The binary relation <™ is not transitive (hence (trans) is not verified) 
for (a,e,c): a <™ e, e<™ c, but a £M c, since aAM c= f #a. 


Example 6.12 Proper involutive m-aBE algebra verifying (trans) 
and not verifying (m-Tr): aTRANS 
By MACE4 program, we found that the algebra 
A¥ = (Az = {0,a,b, c,d, e,1},©,~, 1), 
with the following tables of © and ~ and of the additions operation ©, is 
a proper involutive left-m-aBE algebra, since it does not verify (m-B) for 
(b,c, b), (m-BB) for (b, b,c), (m-*) for (c, a,b), (m-**) for (b,c, b), (m-Tr) for 
(b,c, a), (Am-comm) for (a,e), (m-Pabs-i) for (a,0), (G) for a, (m-Pimpl) for 
(a,0), (Pqmv) for (a,d,0), (Pom) for (a,a), (Pmv) for (a,d), (Am) for (c, 0) 
) jf 


and also (prel,,,) for (a,b), (WNM,,) and (aWNM,,,) for (a, a), (m-Pdis) for 
(a, a, a). 
©!|0abcdel x} x7 @®|Oabcdel 
0;0000000 0} 1 0|/O0abcdel 
al/OcOdOca al b ajaellell 
b}/00d00db bl a ; blblcecll 
c Pde 0 bade ag FE clelell€ 
dj/000000d dj] e djdececll 
e|/OcddOce e| d e|/elliliiil 
1/Oabcdel 1) 0 1/l1ilii1ii1ii 


Note that < is transitive (hence (trans) is verified), hence <™ is an order 
relation, by Corollary 2.10, but not a lattice order w.r. to AY, va since AM 
is not commutative. 


Examples 6.13 Linearly ordered MV and (wyjy)MV algebras: MV 
and (wnM)MV 

Recall from ([17], 4.1.1) the following classes of examples of finite linearly 
ordered MV algebras and (wyy)MV algebras. 


notation 


Consider the linearly ordered (where < <m) set (chain) Lys = 
{0,1,2,...,n}, (n > 1), organized as a lattice with A = min and V = max, 
and organized as left-MV algebra: Ly41 = (Ln41,©, 7,7), with: 


x©Qy=max{0,c+y—n}, 2 =n-xr=2 50, 0=n, 


where: x > y=max{z|zOr<y}=(c#Oy ) =min(n,y—x+n). 
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Hence, for n = 1, 2,3, we have the linearly ordered left-MV algebras Lo, 


£3, £4, whose tables are the following (~~ = x — 0): 


©|01 a | 27 @|01 > |01 
Lo 0/00 and 0; 1 ,with 0/01,and O/11, 
1|0O1 1} 0 1{|1i1 1 |} Ol 
©|012 2 | a @|012 +[012 
0|;000 0} 2 : 0/012 0 }222 
gga. aha Fe a ee alee: 
2/012 2] 0 2-|| 2.2.2 2/012 
©|0123 a) ae 6/0123 +|0123 
0;0000 0} 3 0;0123 0/3333 
L4 1/0001 and 1/ 2 ,with 1/1233 ,and 1/2333. 
2/0012 2) 1 2/2333 2/1233 
3/0123 3 | 0 313333 3.)/0123 
Note that: 

(1) For n = 1,2, the MV algebras £2 and £3 verify condition (WNM) 
((2 © y) V [(w@ Ay) > (a © y)| = 1), hence they are examples of 
(wnM)MV algebras. Note that £2 is just the Boolean algebra with 
two elements. 

(2) For n = 3, the MV algebra £4 does not verify condition (WNM) for 2. 


Hence, £4 is a proper MV algebra. 


For n > 4, the MV algebra £,,4; does not verify condition (WNM) for 
(n—2, n—-1): 

indeed, [(n — 2) © (n— 1)]~ V [(n — 2) A (n— 1) > (n—2) © (n—- 1)] 

= (n— 3) V [(n—- 2) > (n—-3)] =3V (n—-1) =n-1# Nn, because: 

(n—2)©(n—1) = max(0, (n—2)+(n—1)—n) = max(0,n-—3) =n—-3, 
since n—3 > 4—3 = 1, (n—3)— =n—(n—-3) = 3, (n—-2) > (n—3) = 
min(n, (n—3)—(n—2)+n) = min(n,n—1) = n—land n—-1 > 4-1 =3. 
Hence, £Ly+41 (n > 3) is a proper MV algebra. 


Examples 6.14 Linearly ordered NM algebras: NM 


Recall from ([17], 5.1.1) the following classes of examples of linearly 


notation 


ordered (where <=" <m) NM algebras and (wy)MV algebras. 


For each n > 1, let us consider the chain Lyj41 = {0,1,2,...,n}, orga- 


nized as a lattice w.r. to the lattice order <=<,, and the lattice operations 
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A = min and V = max, and organized as an involutive residuated left-lattice 
Frit = (Ln41,A,V;Or,—>F,0,n) in the following way: we take the strong 
negation ~, defined on Ly, by «~ = n—2, and Fodor’s implication > p- 
with the corresponding Fodor’s t-norm © f [8], [6], defined by: 


ok _ n, ifa<y 
—— max(n—2,y), ife>y, 
0, ife<n-y 


LOry=(L4ry ) ees ife@>n—y. 


Hence, for n = 1, 2,3, 4, we have the involutive residuated left-lattices Fo, Fs, 
F4, Fs, whose tables are the following (you have the values of «~ = « +p 0 
in the table of +, column of 0): 


sr {01 Or | 01 Or |01 
Fo ie) ta 0100 with 0/01, 
dat 1/01 i }11 
+r |012 
G (ozo 
Fs 1- | 
a) 029 
op |0123 Or ]0123 ®r|0123 
oe (3333 0/0000 010123 
ae 1 |3s93 1/0001 with 1/1133, 
21/1133 2 0022 212333 
3 10123 3 0123 a laa 3 
ee | 12S A Or |01234 Op l01234 
0 /44444 0 /00000 0101234 
= 1 |S34444 1j/o0001 ., 1 [11244 
> |S ataa o (000.99 | Poa Ana 
3 /11244 3 |00233 3134444 
4101234 4/01234 4|44444 


For each n > 1, Fn41 = (E2n41,A,V; Or, >F, 0,1) is an involutive residuated 
left-lattice that is linearly ordered, hence it satisfies condition 

(prel) ((x +r y) V (y > 2) = 1); 
they satisfy also condition 

(WNM), thus, F,41 is a NM algebra (Definition 1). 
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Note that: 


(1) For n = 1,2, Fo = Lo and F3 = Ls, ie. Fo and F3 are examples 
of linearly ordered (wyjy)MV algebras. Note that F: = Lo is the 
Boolean algebra with two elements. 


(2) For each n > 3, Fy+1 is a linearly ordered proper NM algebra (i.e. not 
being MV algebra). 


Consequently, for each n > 1, F7", = (Lni1,@F, ,7) is a NM algebra 
(Definition 2). 
Note that: 


(1’) For n = 1,2, since Fj” = Lo and F3” = Ls, it follows that 75” and F3” 
are NM algebras verifying (Pom) (since they are also MV algebras). 


(2’) For n = 3, F7” = (La, Or, ,3) is a NM algebra verifying (Pom), hence 
it is a proper taOM algebra (i.e. not being MV algebra). 


(3’) For n = 4, Ff" = (L5,@r,~ ,4) is a NM algebra which does not verify 
(Pom) for (x, y) = (8, 2). 


We shall prove that for any n > 4, there exists (x, y) = (n — 1,2) such that 
the NM algebra F7"., = (Ln41, Or, ,n) does not verify (Pom), where: 
(Pom) (@ Or y) Or ((@ Or y)” Or Z) = = or, equivalently, 
(tOry) Or ((c@Ory) Ora) =a. 


Indeed, for any n > 4, 

(Ory) Or ((eOry) Orz)~ 
= ((n—1) Or 2)” Or ((n— 1) Or 2)” OF (n—1))- 
= 2 ©f (a> OF (n = i 

) 

= (n—2)Or (n—2)- 
= (n-2)Or2=0, 

while x~ = (n—1)7 = 1; 
since 0 ¥ 1, it follows that (tcOry) Or ((t@ry) Orx) #27, i. (Pom) 
does not hold for (x,y) = (n — 1,2). 

Hence, for n > 4, FV", = (Ln41, Or, 7,7) is a proper NM algebra (i.e. 
not being taOM algebra). 
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Examples 6.15 Proper transitive, antisymmetric OM algebras: 
taOM 

e Example 1: taOM is IMTL 

By a PASCAL program, we found that the algebra 

Aba(Ag = 160,560 IO. 443 

with the following tables of © and ~ and of the additional operation 4, is 
a proper transitive, antisymmetric left-orthomodular algebra (taOM) (= 
m-BCK algebra verifying (Pom)), i.e. (PU), (Pcomm), (Pass), (m-L), (m- 
Re), (m-An), (DN), (m-Tr) (© ... = (m-BB)), (Pom), but also (prel,,), 
hold and it does not verify (m-Pabs-i) for (d,0), (G) for b, (m-Pimpl) for 
(a,0), (Pqmv) for (c,d,0), (Pmv) for (c,d), (Am) for (a,c), (WNM,,) and 
(aWNM,,,) for (c,c). 


©}Oabcdl x | x2 6|/Oabcdl 

0/000000 76: 0/O0abcdl 

al/OabbOa a|d afalliliil1l 

b/|O0b000b and b}] c ,with b}/blalcel. 

c|/Ob0d0c c | b c/cllicl 

d|00000d d/ a d|diccdl 

1/Oabcdl 1 0 1T/1liiliidii 
Then, the tables of AM and its transposed, AP, are the following: 

KM | Oa bed 1 AB lOabcdl 

0 /000000 01/000000 

a |Oabcda a |OabbOa 

b |Obbbdb and b/s/ObbbOb. 

c |/Obbcecde c |O0cbcede 

d |}000ddd d |Oddddd 

1 |Oabcdl 1 /Oabcdl 


Note that <™ is an order relation, by Corollary 3.7, but not a lattice order 
w.r. to AM, VM, since AM is not commutative. From the table of A”, we 
see that a <” 1;b<™“ a,e,1;c<™ 1; d<™ 1; hence, the bounded po-set 
(Ag, <0, 1) is reprezented by the Hasse diagram from the Figure 11. 
The binary relation <,, (<><) is an order relation also, since (m-Re), 
(m-An) and (m-Tr) hold; hence, <® is an order relation too. From the table 
of AZ, we see that 0 <n d <m b <m ¢ <m @ <m 1, hence the binary relations 


def. ; 
ao = se Gey Ek y AB y = 2) are linearly ordered. Note that the 


operation A? is not commutative, therefore the order relation <? is not a 
lattice order w.r. to AB, v2; but, the order relation <,, is a lattice order 


212 Afrodita Iorgulescu 


= 0,1) 


Figure 11: The Hasse diagram of the bounded po-set (Ag, 


wir. toA =Am = infm, V = Vm = SUP»: 


A|OQOabcdl V/Oabcdl 
0;000000 0/O0abcdl 
alOabcda ajaaaaal 
b|Obbbdb and b]babcbl. 
c/Ocbcecde c|/cacccl 
d|Oddddd didabcdl 
1/Oabcdl 1T}1liil1li1ii1i1 


To see if the properties (prel) ((x7 > y) V (y ~ x) = 1) and (WNM) 


((x © y)” V [(a A y) > (a © y)] = 1) are verified, we need the table of > 
(y= (coy): 

>|/0abcdl 

O0O;111111 

aldiccdl 

bfifcellticl. 

c |blalecl 

dfalliilil 

1|/Oabcdl 


It is easy to see that (prel) is verified. We check by a PASCAL program 
that (WNM) is not verified for (a,b), (c,b), (c,d). Hence, this taOM algebra 
is an IMTL algebra. 

Note that, by denoting (0,1,2,3,4,5) = (0,d,b,c,a,1), we obtain 
that this IMTL algebra is one of the two linearly ordered IMTL alge- 
bras with 6 elements verifying (Pom) from ([17], 5.1.1): IMTL¢, where 
0 <m 1 <m 2 <m 3 <m 4 <m 5; the other one is IMTL2. 
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e Example 2: taOM is a distributive lattice 
By Mace4 program, we found that the algebra 
A? = (Ag = {0, a,b, c,d, 1},©,~, 1), 

with the following tables of © and ~ and of the additional operation 4, 
is a proper transitive, antisymmetric left-orthomodular algebra (taOM) 
(= m-BCK algebra verifying (Pom)), i.e. (PU), (Pcomm), (Pass), (m-L), 
(m-Re), (m-An), (DN), (m-Tr) (© ... <= (m-BB)), (Pom) hold and it does 
not verify (m-Pabs-i) for (b,0), (G) for b, (m-Pimpl) for (a,0), (Pqmv) for 
(b,b,0), (Pmv) for (6,b), (Am) for (a,b), (prelm) for (b,a), (WNM,,,) and 
(aWNM,,,) for (6, 6). 


©O}Oabcdl pe es eB|Oabcdl 
0;/000000 0} 1 0;/Oabcdl 
aj/Oa0dOaa al b ajadidiliil 
b|00cO0Ocb and b}] a ,with b/blbbi1l 
c|/000006c c| d c|cdbbi1l 
d/OacOad d/ c dj|d1ii1i1il 
1;/Oabcdl 1) 0 Ti/liiliiiliil 


Then, the tables of AM and its transposed, AP, are the following: 


Ae) | Oe be sd “h AB l|Oabcdl 
0 |000000 0 ;000000 
a |Oaccaa a |Oa0O0Oaa 
b |00bccb and bl]Ocbcbb. 
c O0ccce c |Occcce 
d |Oabcdd d |Qaccdd 
1 |Oabcdl 1 |Oabcdl 


Note that <™ is an order relation, by Corollary 3.7, but not a lattice order 
wr. to AM, VM, since AM is not commutative. From the table of A”, we 
see that a </ d,1;b <™ 1; c<™ b,d,1; d <™ 1; hence, the bounded po-set 
(Ag, <0, 1) is reprezented by the Hasse diagram from the Figure 12: 

The binary relation <,, (<<) is an order relation also, since (m-Re), 
(m-An) and (m-Tr) hold; hence, <? is an order relation too. From the table 
of AB, we see that a <m d,1; b <m d,1; ¢ <m a,b, d,1; d <m 1; hence, the 
binary relations <2 <> <,, (x& <8 y pul a AP y = x) are represented by 
the Hasse diagram from the Figure 13. 

Note that the operation A? is not commutative, therefore the order 


relation <2 is not a lattice order w.r. to AP, V2; but, the order relation 
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Figure 12: The Hasse diagram of the bounded po-set (Ag, <”, 0,1) 


=m) 


Figure 13: The Hasse diagram of the bounded po-set (A6, <m, 0, 1) 


<m is a distributive lattice order w.r. to A = Am = infm, V = Vm = SUP: 


A|OQabcdl V|/Oabcdl 
0;000000 0/O0abcdl 
a|Qaccaa aljaadadtl 
b/|Ocbcbb and b|bdbbdl. 
c|/Occcce c|/cabcdl 
d|Oabcdd didddddl 
1;/Oabcdl 1T}/111i1i141 


To see if the property (prel) ((2 + y) V (y > x) = 1) is verified, we need the 
table of > (x© > y a (c@y)7): 


>]/Oabcdl 
O;1lililiiil 
alblbbil1l 
biladidll. 
e|/d1li1i1i1i 
d/cdbbill 
1/Oabcdl 


It is easy to see that (prel) is not verified for (a,b): (a > b) V (b> a) = 
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bVd=d#1. Hence, this taOM algebra is not an IMTL algebra, it is only 
a distributive lattice. 


e Example 3: taOM is a non-distributive lattice (Michael 
Kinyon) 

By Mace4 program, Michael Kinyon found that the algebra 

AE = (Ag = {0, a,b, c,d, e, f,1},0,~,1),, 

with the following tables of © and ~, is a proper transitive, antisymmetric 
left-orthomodular algebra (taOM) (= m-BCK algebra verifying (Pom)), 
verifying (prelm), (WNM,,) and (aWNM,,,), not verifying (m-Pabs-i) for 
(b,0), (G) for b, (m-Pimpl) for (a,0), (Pqmv) for (6, 6,0), (Pmv) for (0, ), 
(A,,) for (a,b), (m-Pdis) for (a, a, a). 
Oca be-de £1 o> 
00000000 
Oad0adaa 
0O0cceOcb 
00ccO00cec and 
OaeODaOad 
0000000e 
Oa-6 Ca 0 TF 
Ua. be der 1 


becde 


, with 


BPrmoaa#w al® 
FPrmoeno»#er a@e 


f 
f 
1 
1 
1bil 
1 
1 
1 
1 


COMO ae Te 

FPmoenlaoa»#ew® co 
ee Os ee a | 
el 


The tables of AP and — are: 
Ae Oa, bie 6 £1 
00000000 
OadDOa0Daa 
Oebceebb 
00cc0O0ce and 
Oaeededd 
QOeeeeecee 
OaccaOff 
Oabcdefl 


FPmomage off 


f 
1 
1 
1 
1 
1 
1 
1 
f 


- | ee eS ee eS S| eS 


eBermoendnooeevwe® © 


From the table of AB, we can see easily that: a <m d,f,1; b <m f,1; 
C <m 6, f, 1; d<m f,1; €e <m a,b, c,d, f,1; f <m 1; it follows that the Hasse 
diagram of the bounded po-set (Ag, <m,0,1) is that from the Figure 14. 
The lattice is not distributive (it contains as sublattice the pentagon 
6).0,.0,05 f) for (G6) U ha lO Vig C= OA f= UF Aaa) VialO ec) = 


€Vm C=C. 
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0 


Figure 14: The Hasse diagram of the bounded po-set (Ag, <:m,0,1), which 
is a non-distributive lattice 


From the table of — we can see that (prel) is not satisfied for (0, d): 
(b> d)V(d > b) =dVb=f #1. Hence, this taOM algebra is not an 
IMTL algebra, it is only a non-distributive lattice. 


Example 6.16 Proper IMTL algebra (not verifying (Pom) 
and (WNM)): IMTL 
Consider the following linearly ordered IMTL algebra (Definition 2) 
A’ = (Ap =4104,0.0,1},6,- 1), 
with five elements, IMTLs, from ({17], 5.1.1), where the tables of © and ~, 
and of the additional operations @ are the following. 


©!|0abcl x} x” ®|O0abcl 
0/;00000 0; 1 0|/O0abcl 
alQ0Q000a alc : afaccll 
(otoay — Hh | beard 
c/O00aac c}] a e}/cllll 
1/Oabcl 1} 0 1}/1i1i111 


Note that A” is a proper left-m-BCK algebra, verifying (prel,,), not verifying 
(m-Pabs-i) for (a,0), (G) for a, (m-Pimpl) for (a,0), (Pqmv) for (6, a, 0), 
(Pom) for (b,c), (Pmv) for (b,a), (Am) for (c,b), (m-Pdis) for (a,a,b), 
(WNM,,) and (aWNM,,, for (b,c). 

The tables of A? and — are: 


A, |Oabel >/O0Oabcl 
0 |00000 0O/11111 
a |Oaaaa a|/cllill 
Oe ee oO heed tac 
c |Oaacc claccll 
1 |Oabcl 1 /Oabcl 
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From the table of AP (2 <m y <> «AB y = 2), we see that a <m b,c, 1; 
b <m c,1; ¢ <m 1; hence, we obtain the chain 0 <p a <mb<m Cc <m 1. 
Thus, the bounded po-set (A5, <m, 0,1) is a distributive lattice, with cA ny = 
inf(x,y), © Vm y = sup,,(2, y). Hence, the left-m-BCK algebra is a lattice. 

Note, from the table of >, that (prel) is satisfied, but (WNM) is not 
satisfied for (b,c); (b© c)~ Vm ((b Amc) 4 (b©c)) =a Vm (b > a) = 
CVmcC=c# 1; hence, AY is a left-IMTL algebra, not verifying (Pom) and 
(WNM), hence it is a proper IMTL algebra. 


Example 6.17 Proper (involutive) m-BCK lattice: m-BCK-L 
By a PASCAL program, we found that the algebra 
AY = (Ag = {0, a,b, c,d, 1},0, 7,1), 
with the following tables of © and ~ and of the additional operation 4, is 
a proper left-m-BCK algebra, i.e. (PU), (Pcomm), (Pass), (m-L), (m-Re), 
(m-An), (DN) and (m-Tr) (©... = (m-BB)) hold and it does not verify 
(m-Pabs-i) for (b,0), (G) for a, (m-Pimpl) for (a,0), (Aj-comm) for (a,b), 
(Pqmv) for (b,d,0), (Pom) for (b, a), (Pmv) for (b,d), (A;,) for (a,b) and also 
( r 


oo 


prel,,) for (b,c), (WNM,,) and (aWNM,,,) for (a,a), (m-Pdis) for (a, a, 6). 
©O;}Oabcdl oie es oa eB|Oabcdl 
0/000000 Orla 0|0abcdl 
al/Oddd0Oa al d ajallliill 
b|/OQdd00b and b/] ¢ ,with b/blalal. 
c|O0d0d0c c| b c|cllaal 
dj/00000d d] a didlaaal 
1/Oabcdl 1] 0 1T/1liiiii 


Note that <” is transitive, by Theorem 4.3, hence <™ is an order relation, 
by Corollary. 2.10, but not a lattice order w.r. to AM, VM since AM is not 
commutative. 

The binary relation <m (<<) is an order relation also, since (m-Re), 
(m-An) and (m-Tr) hold; hence, <? is an order relation too. The tables of 
APB and > are: 


AB | Oa b edd +> |]Oabcdl 
0/000 000 O;/111111 
a |/Oad dda a/ldlaaal 
b |0bb ddb and bj|cilaal. 
c |O0c d cde c|blalal 
d |O0ddaddd dfalllilil 
1 |;O0abecedtil 1 |Oabcdl 
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From the table of A2, we see that: a <m 1; b <m a,1; ¢ <m a,1; 


d <m a,b,c,1. It follows that the Hasse diagram of <2 (==> <,,) (a <2 


def. : , 
y Floss, AB y = 2) is that from the Figure 15. 


Figure 15: The Hasse diagram of the bounded po-set (Ag, <m,0,1), that is 
a distributive lattice 


Note that the operation A? is not commutative, therefore the order 
relation <8 is not a lattice order w.r. to AP, V2; but, the order relation 
<m is a distributive lattice order w.r. to A = Am = infm, V = Vm = SUDm.- 

From the table of >, note that (b > c)V (c > b) =aVa=aFl, 
hence (prel) is not verified; hence, A” is not an IMTL algebra. Hence, the 
algebra A¥ is a proper (involutive) distributive left-m-BCK lattice. 


Example 6.18 Proper m-BCK algebra (not lattice): m-BCK 
Consider the algebra 
AP = (Ag = {0,m, a,b, ¢,d,n, 1}, 0,7, 1), 
with the following tables of © and ~, from ({17], 7.2.1). It is an involutive 
left-m-BE algebra verifying (m-An) and (m-Tr) (©... <@ (m-BB)), and not 
verifying (m-Pimpl) for (m,0), (m-Pabs-i) for (m,0), (G) for m, (Pqmv) for 
(a,m,0), (Pom) for (a,0), (Pmv) for (a,m), (Am) for (c, a), (prelm) for (a, b), 


(WNM,,,) and (aWNM,,,) for (a,d). Hence, A” is a left-m-BCK algebra. 
O;}Omabecdnal x} x” ®|O0Omabcdnil 
0;000000 00 O; 1 0;/O0Omabcdntl 
m;/0000000m m/n m/mnnnnnill 
aj/00000mma alc aijannntinill 
b}/0000mO0mb, b/d, bj/bnnnni1ill. 
c/00 Ommmme cla e}/cntlniilil 
d/00mO0O0mmmd d| b d|j}dnonili1i1i11 
n/0OOmmmmmn n/|m nf[noniliitililiiilil 
1;/Omabecdnil 1] 0 1} 11111111 
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To see if the m-BCK algebra is lattice or not w.r. to the order relation 
<m (<<), we make the table of 2: 


APB |Omabcednti 
0;0000 00 0 0 
m/Ommmmmmm 
a |Omamaaaa 
b |Ommb bb bb 
c |Ommmcemeceece 
d |}Ommmmddd 
n/Ommmmmnno 
1/Omabecdnotl 


From the table of A?, we see that m <m a,b,c,d,n,1; a@ <m ¢,d,n,1; 
b<mc,d,n,1; ¢<mn,1;d<mn,1;n<m 1. Hence, the Hasse diagram of 
the bounded po-set (Ag, <m,0,1) is that from the Figure 16. 


0 


Figure 16: The Hasse diagram of the bounded po-set (Ag, <m,0, 1), which 
is not a lattice 


Note that the po-set (Ag,<m,0,1) is not a lattice. Hence, A” is a 
proper m-BCK algebra, which is not a lattice. 
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